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-  .1 
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5* 

g  =  G 

-  g  - 

g  - 

g" 

=  g  -  g' 

randt^  quant ity  differentiable  in 

time  and  in  space. 

Y  =  r 

.  Y 

A 

Y 

=  Y  4.  Y  ' 

scalar  .quantity  par  unit  mass  trans 

-  ■  - 

ported  by  the  fluid  motion,  . 

■ 

li 

*  ''a  = 

V"*" 

V" 

a 

^  \i' 

= .  a+  It 

comppaent  of  fluid  velocity  in  - 

'  :  - 

directlffla  CX 

p=  p 

*/  = 

p  + 

p® 

=  P  4.  P' 

density,  ^ 

?=  ?: 

.  f'  = 

p" 

=  T-p' 

pressure, 

-  m  '■ 

e=  E 

^  e  = 

e  4. 

e" 

=  e  4-  e' 

internal  energy  per  unit  mass,,: 

i  =  1 

+  i  = 

• 

I  4- 

i" 

=  T.i' 

enthalpy  peir  unit mass. 

!K 

0  _  © 
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_  ^  \  Q‘  ^ 
=  ¥  +  0" 

temperature,  .  ’ 

5» 
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f? 

=  viV 
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®T=  ®T 
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•  - ' » 

—  9+0 
—  T 

^  V®? 

total  temperature. 
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|i=  M 

» 
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=  11  +a  0' 
_=  p:  +3  e*' 
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■=  f  Je' 

=  F»be" 

thermal  conductivity. 

The  fields  o£  applications  of  the  mechanics  of  turbulent  fluids 
are  eKtending  rapidly  to  compressible  flows  and  also  to  f lot/s  in  which 
the  temperature  turbulence  is  such  that  the  fluctuations  in  the  bulk 
properties  no  longer  can  be  neglected.  Therefore  we  have  written  a  set  of 
equations  (12)  for  a  compressible  gas,  considered  as  a  continuum,  the 
velocities,  density,  pressure,  internal  energy  and  temperature  of  which 
are  considered  to  be  turbulent.  Furthermore  the  viscosity,  heat  conductivity 
and  specific  heats  are  retained  as  variables  so  that  they  may  be  considered 
turbulent  also.  The  equations  are  derived  for  motions  which  are  averaged 
by  the  method  of  density  weighted  velocities  using  averages  of  the  mean 
tiiomeatum,  and  also  of  the  mean  specific  internal  energy.  The  mean  fluai  of  mass 
and  mean  internal  energy  due  to  turbulence,  being  null  by  definition, 
the  equations  have  jsimple  and  simple  physical  meaning. 

The  purpose  of  the  present  study  is  to  develop  a  more  general 
set  of  analytical  expressions  for  a  compressible  turbulent  gas.,  which 
can  be  used  to  make  the  choice  of  the  macroscopic  quantities  that  give, 
for  different  fields  of  application,  the  most  convenient  form  to  the 
equations,  for  mathematical  treatment,  for  physical  meaning,  and  for  the 
performance  of  measurements.. 


turbulent  that  they  have  to  be  treated  by  statistical  methods.  They  are 
represented  by  random  functions  of  time  t  and  space  in  cartesian  , 
coordinates  with  the  running  indices  CC  «  1 »  2  ,>  3 ,  and  are  separated  into 
two  parts  :  the  taacroscopic  quantity  W  and  the  random  fluctuation  W  ■ 

[l]  W  W  :  ; 

The  problem,  therefore 9  concerns  the  determination  of  the  macroscopic 
quantities,  including  the  mean  interactions  with  fluctuations. 

The  macroscopic  quantities  will  be  defined  by  means  of  averages 
of  the  once  averaged  motion  over  still  larger  scale. 


Tiie  stochastic  averages  of  W  (overscore)  will  be  used,  in 


general  t 


09  ^ 


/+O0  /  \  I 

wf(w)clw  with  i  r(w]dw=1 

-OO  -CD 

ijjhere  f  (w)  is  the  probability  deasity  ofW.  The  yariatipns  of  W  in  space 
or  iti  time  are  dependant  on  those  of  the  probability  density  fmiction  • 


The  flow  is  statistically  stationtiary  when  its  statistical 
properties  do  not  vary  in  time. 

The  time  average  may  be  used  also  for  flo^^  statistically 
stationaary.  The  time  average  in  a  finite  time  T  is  t 


i 

W. 


t+T 

w  at 


Practically  the  time  T  must  be  sufficiently  large  compared  with  the  time 
scale  of  the  turbulence j  so  that  W  is  essentially  ladependant  of  the 

origise  t  of  averaging  procedure.  Then  if  F  and  0  are  random  variables, 
the  following  rules  are  valid  s 


2 


f.g  =  r.  g 


d.r  df 


d?  df 


dX^  dt 

la  order  to  keep  freedom  to  make  latery  for  different  fields  of 
"applications,  the  choice  of  the  most  convenient  definitions  ^  means  of 
averages  of  the  macroscopic  quantities,  we  shall- retain  for  W  only  the 
' proper?^- that  t  "  .  ■ 

[3] 


»  * 
w=  w 


The  macroscopic  quantity  W  is  equal  to  its  own  mean  value, 
but  it  is  not  in  general  equal  to  the  mean  value  of  the  quantity  W  ; 


4 


W_^ 


because  the  mean  value  W  of  the  fluctuation  is  not  necessarily  null. 

’  According  to  that  property  [3]  ,  the  macroscopic  quantity 

is  a  constant  in  respect  to  the  integration  in  the  averaglBg  process,  but 


/. 


may  depead  upoa  the  space  and  time  parameters.  Vfa  can  therefore  us®  the 
follot-jing  relation  : 

,  FW  =  7 

With  this  relatioBj  ve  may  effect  the  separation  of  the 'macros*' 
copic  terms  from  averaged  terms. 


2.2.~  I#:AW  BAI^HCB  FOR  A  TRANSFERABLE  QUANTITY  IW  A  TURBULEMT  FhOW  OF 
A  COMPRESSIBLE  FLUID,-  -  '  ■ 


■  -  \  ~  Let  U3  eoiisider  turbuleat  flow  of  a  -  ^ 

^  "  '  '  compressible  fluMg  ia -a  dfisaaine -(  E  ), 

/  \  limited  by  a  surface  and  a  scalar  __ 

/  f  \  quantity  pY  by  unit  volume  of  the  fluids 

/  f  }  I  which  is  transported  at  the  velocity  F 

I'  V'  /  \  /  /  the.  .matter*  and  which_TOy  be  randcas. 

^  Y  ~  -  purpose  is  to  determine  the  mean  ■ 

Ny  y  balance  of  PY  in  a  volume  <  )  inside 

^  ,  (  E  )*  limited  by  a  closed  geometrical 

B  ■  - 

surface  of  reference  A. 

Let  TT  be  the  unit  normal  vector  of  A,  with  c<Kaponents  *  (JcT  and  JO 
the  elements  of  the  surface  A,  and  of  the  volume  •(  Q  ),  .  .  7  7  ' 


The  quantity  pY  may  be  matter  itseif,  or  heat,  or  energy 7  The 
s^e  form  of  balance  process  may  be  used  for  the  vector  momeatum  PV  and 
is  an  express ion  of  Euler's  theorem  ;  but  considering  each  of  the  three 
components  PVa  it  leads  to  three  equations  of  balance,  (16). 


We  shall  consider,  on  one  hand  the  local  variation  and  the 
transport  of  PY  by  the  movement  ,  aiad  on  the  other  hand  the  mean 

transport  by  molecular  fluctuations,  i.e.  molecular  diffusion,  and  the 
local  production  or  destruction  of  PY  by  "sources”  or  "sinks". 


As  PY  is  assmied  to  bs  differeatiable  in  titss.  the  local  rate 


variation  ia  tieie  of  PY  par  nait  volume  is  — ^ 

n  dt 

butloii'  in  (  it  )  reads  s 


its  coatri” 


The  contribution  of  transport  by  the  isoveaeBt  is  the  flu3S 
througd^  the  surface  A 

■:  ■  ■  :  -  ■■■:  ■  ■-  --  ..  :  ^ 

and'  that  Of -taolecular,  diffusioa  aad  source  is  esspressed.  by  means  o£  a  local 
rate  in  tSjm  (pj)  per  unit  volume .:} 


2>(pY)  dQ 


Tlie  balance -of'- -  P-Y  inside  (  Q  )'^  is  at-'any- instmt 


^(PT)dQ^prVp^pda^(PT) 


it  The  mean  balance  of  pY  inside  (  )  is  obtained  by  averaging 

that  _eK-pressioa ;  I'  /,  ....  _  ,..J. '  _  ,  / 


I  P  Y  V  ^  d(T^  I^)(PY)  dQ 

['  .  6  6  -:..  ...... L  ^  ^ 

k  ^  ^  Jq  :: 


The  averages j  being- integrals -,j'.  may  be  permuted -uith  the. other  integrals. 
Then  with  j5]  ....  :.  . ■  ;  -  '  ... 


^_^PYdS^  f ^  ^da  ^  |.^Y)dQ  --  

I  d  t  -  f  P  P  ‘  Iq 

The  quantity  PY  V  is  not  randonig  and  the  transformation  of  the 

P 


surface  integral  into  voIubjs  integral  may  be  effected  without  recourse  to 
the  assumptioa  of  differentiability  in  space  of  P  Y  V  „  but  only  of  P 


according  to  WEHRLE  (9) 


The  meaitJ  balance  expression  becomes  ; 

J  Jl  Fr  +  PYv"  -  j)(PY)l  dQ  =  0 

vjhich  is  valid  for  aay  arbitrary  volume  (  ^  )  sufficleatly  large  with 
respect  to  the  coatinuiffli  scale.lt  is  therefore  valid  for  the  elemeatary 
volume  d  Q  ,  and  the  local  mean  balance  of  P  Y  reads  : 


Apy+A_  pyv^  =  Jd(py) 

.  dt  dXp  ^  _  ; 


For  PY  a  scalar  such  as  heat , the  X^ccrsiponent  of  the  quantity 
conducted  across  d  CT  into  the  fluid  inside  by  Esolecular  d  if  fusion  being 
h-0,  per  unit  time,  and  per  unit  surface  the  mean  value  across  A  is  5 


;  d.et  F  (  PY  )  be  the  local  rate  of  production  or  destruction  of 
Ptper.  unit  time  and  per  imit-volu^'a  by- sources,. ;.Its  mean  contribution  In  ; 


then 


d  Q  = 


F  (pY)  dQ 


'-'Q 

For  the  elementary  volume  d  the  molecular  diffusion  and  sources  ^Ive  : 

[s]  f  ,3d7py)  ,  F(?r)  ; ^ 

In  the  case  of  m^entum,  for  each  component  PV^  in  the  direction 
X(^  the  equivalent  terms  ate  the  components  in  that  direction  of  the  extemil 
forces  PX^  and  the  mean  contribution  per  unit  volume  of  molecular  fluc¬ 
tuations  of  momentum. 


The  volume  external  force  component  is.  In  average  s 

pX^dQ  =  d  0  and  P^dQ  in  dQ 


«  »  -fi.  A  0  ft  . 


The  mean  momentum  conducted  across  A  by  molecular  fluctuations 
being  B  in  direction  *  per  unit  time  and  surface*  the  twice  averaged 

value  across  A  is  ! 


fv  S„iia  =  I  p  {  da  =  I  °P«|3  d  f) 

4^^  J/ap  p  J^axp 

and  in  d  ;  d  ^ 

Then  the  right  hand  side  of  [_7J  reads*  for  one  component  of 

momentum  : 


p]  ; 


dX 


P 


2.3.°  STATISTICAL  EQUATION  FOR  BALANCE  OF  MASS  IN  A  TURBULENT  FLCW  OF  A 
COiSPRESSIBLE  FLUID."  ;  ' 

Le^  us  decompose  Y  into  a  macroscopic  quantity  T*  and  a 
fluctuation  Y  *  and  into  a  macroscopic  velocity  Vp  and  a  fluctuation 


velocity 

-  po]V[- 
"pi]  ^ 

which  implies 


such  that  ! 

Y  =  r  +  j 

■  X  ' 

r=  r 

^ 

T  =  Y_Y 


''p^Vp.Vp 

m  'W-  ■■ 

P  P 

_  /w 


Using  the  relation  ^sj  »  the  equation  7_  becomes 


12 


APY+A_PYVp.=A 

dL  dXo  p  dt 


r  ^ 

pr^PY 

^  e> 

. 

dXp[ 

r(pV3.PVp).PTVp..PYVp 


or 


^  «  oVo  A'n 

.  _  +  D  P  Y  P  Y  P  +  P  * 

Dl  Dt.  ^  dYp  P  dXp  dX 

f(DP  WM 

^  DL  dX|3  dXp  P  r  ^  { 


^  PYv„ 


Usiag 


DO  ^  4U-  -Xx 
Dt  at  P  dXp 

the  derivative  following  the  macroscopic  movement 


10 


Ho-Wg  with  PT=P  X'3'hich  corresponds  to  : 

T^O  r=1 

the  relation  ^2]  gives  a  statistical  equation  for  balance  of  mass  : 


L  dt  dXpV  P  M/- 
(p) is  the  rate  of  molecular  diffusion  and  of  local  creation  or  destruc” 
tion  of  mass.  The  molecular  diffusion  effect  is  nullj  if  the  fluid  is 
simple,  by  definition  of  the  velocity  Vp  of  the  continuum  (2).  The  rate 
of  creatloa  or  destruction  of  mass  is  null,  if  the  fluid  is  conserved. 
Tlius,  usually,  the  term  X)  (p)  is  null. 

.  -  -  ,The  statistical  equation  for  balance  of  mass  ^13]  also  reads  ; 


Tlius,  usually,  the  term 


■OP  .P  = 

Dt  dXp  dXp  P 


HJRBUI^MT  FLOW  OF-A  eOMPRESSlBLE  FLUID.  WITH  MASS  BALANCE.- 

Using  the  balance  of  mass  [13]  to  transform  [I2j  we  obtain  t 

Fi  sl  ^  dt  P  P  (  dXp 

p 

which  is  a  statistical  equation  for  balance  of  a  transferable  quantity  la 
a  turbulent  How  of  a  compressible  fluid,  with  statistical  mass  balance, 
and  v7hich  also  reads,  with  P  * 

p  1e  +-D_  PY  +  PY  PYV  +f  X)(p): 

Dt  dX/-,  P  e))(n  P  '  ' 


=  J)(PT)  =  _ApY  .  _A  PTV„  =  p[p;  .Y  X>  (p) 
/  dt  dXp  p  dt  ^ 


M 


In  these  relations,  the  maeroscopie  quantities  i  and 
retain  general  forms. 


FOR  BALANCE  OF  A  TRMSFERABLE  QUANTITY  IN  A  FLOl^  OF  A 
COMPRESSIBLE  FLUID.  WITH  MASS  BALANCE. - 

If  the  scale  of  observation  is  reduced  sufficiently  that  all 
the  details  of  the  continuum  motion  are  retained,  the  fluctuations W  are 
null  by  definition  (or  if  the  flow  is  non  “turbulent,  '^  =  0) .  With  the 
asstimptioa  of  differentiability  not  only  in  time  but  also  in  space,  the 
same  process  used  in  (2.2.)  (2.3.)  (2.4.)  may  be  follcwed  to  obtain  the 
desired  balance.  '  V 


ll.7l 


It  gives  the  classic  instantaneous  balance  of  mass 

dv, 


dp 


W  TT  6X 


with  the  derivative  fol Imping  the  movement  /  .  .. 

■[18]  d(  I  ..  8(  V~rv.  df  I  :  :  ^  ^ 

.  d  t  dt-  ’  ^  :  r  ' 

It  gives  also  the  Instantaneous  balance  of  a  transferable 
quantity  in  a  flow  of  a  compressible  fluid,  with  mass  balance 


[19] 


with  Z)(py)=|^  ^f(py) 


p 


for  PY  such  as  mass  or  heat 


dPn 


and  with  [9]  DfPY^UPX„  +  .^  for  ■  momentum  ■  cwnponents . 

\  a/  a 

These  relations  [l  X]  [l  9]  ,  may  be  obtained  also  using  fl  3]  fl  4] 

&5]e6]  ,  with  the  assumption  of  differentiability  not  only  in  time  but 
also  in  space,  and  simply  cancelling  the  overscores  and  the  fluctuations. 

Now,  let  us  consider,  more  generally,  a  quantity 

g  =G  +§ 

dependent  on,  and  differentiable  in,  time  t  and  space  .  V7e  may  develop 
the  expression  i  ■  ' 


Pig. .g b(p)=p^(5.1) .p?p^(G\f).(5.1)  m 


g 


n  ^ 


=p||4('g)  ^pg^  (Piy  .§  D(P) 


D 


P^pi^*^(p?„V-  Sfp) 

>  btn  dXn^  ^ 


dXf 


t^hich.  with  the  balance  of  mass 


2o; 


d  t 

6 

Dt 


p 


-  Bp  ..^(pI)  -  »(p)  =0 

“  ni  ^X  '  >v_  '  H/ 


written  in  the  fora  : 

Dt  Pe>Xf 


_dP  .  P^  _  3D(P)  =  M  .  t-^.P^  . P-^ 
H  t.  ^Xrt  D  t  P  P^xp  PXp  dXft 


P 


becomes 


P 


dXi 


P> 


[21] 


dt 

d 


g  X){P)  =  P.PG  H. 


Dl  'Ul 


6  (p|) 


« ^  X 

pvp  * 


dVr 

+  P  j  ^ 


r  ., 

e. 


dXp  dXfl- 


fiX, 


p|Vp  ^  G  p  (P) 


p  .  ^  ^ 

la  Che  average y  we  obtain  the  expression  iT  G  =  G 


2  2 


g"  ^ 


dt 

d 


dYr. 


dXr 


p  .Pi 


ag 

dXp 


'Sx 


p 


^  « 

pg''n  ^ 


We  see  that  the  statistical  equation  [14]  nmy  be  obtained  by  averaging  the 
instantaneous  equation  [20],  and  that  the  statistical  equatioa[l  6]  ..  may  .be 
obtained  using  expression  [2l]  ,and  averaging  the  instantaneous  equation 


Therefore  these  sets  of  equations,  instantaneous  and  statistical 
may  be  formally  deduced  from  each  other.  This  is  explained  by  the  fact  that 
the  scales  of  observation  are  changed. 

By  substtacting  [16]  from  [l  9]  ,  considered  at  the  same  scale  of 
observation,  and  using  [2l] one  can  also  obtain  the  instantaneous  balance 
of  the  fluctuations  of  PY  :  ^ 

P'Bt.  S  (p?.;T).(pf 

ni  TiT'  X  \  p  Px  \  /  .V 


[23] 

with 


D  t  ^  '  K  r  ""  ""  , 

.^(.PYVp_^)  .f  «©(P)_^)]  .  D(PY).^' 


dXp  _ 

P^  P  +  P' 


which  implies 


P'= 


0 


HI."  STATISTICAL  SQUATKHS  OF  MOTION. - 


3.1.-  STATISTICAL  EQUATIONS  OF  MOTION  FOR  A  COMPRESSIBLE  TURBULENT  FLUIB.- 

The  fundsneatal  principle  of  dynamics  in  the  form  of  Euler’s 
theorem  shows  that,  in  the  balance  of  momentum  inside  a  reference  surface  A, the 
local  variation  in  time  and  the  flux  through  A  are  equal  to  the  forces [9j  , 

Using  for  each  of  the  three  components  of  Biomeatura  P  the 
instantaneous  equation  of  balance  [19]  »  with 

-  4;-: 

we  obtain  the  classic  (13)  instantaneous  equations  of  motion  for  a  compres-: 
sible  gas 

t  ^  ^  .  tr 

^Ctp  the  molecular  stress  a^cting  on  the  surface  element  perpendicular 

to  -Xp  in  the  direction  j  ^CC  *  Xt  has  the  form  ^f  a.  second  rank  tensor.; 

.  :  The'  statistical  equations  of  motion  may  be  obtained  by  averaging 
equations^  [26]  $  and  using  the  expression  [22]  with[10j  [11]  .  r  - 

These  equations^  may  be  obtained  also  directly  by  application  .  " 
of  the  statistical  equation  of  balance  [16]  with  [25]  l 


^  -St 

r-  V 

-  a 


t  •» 
T  =  V. 


The  statistical  equations  of  motion  for  a  compressible  turbulent 


fluid,  may  be  written  in  the  form 


[27] 


p^  pt .  .  pf  ^ 

D  l  D  t  «  P  dXa  ®  -  - 


=  P)C 


A.fr"  _pv  1) 

dXp  oc  3/, 


a  set  of  three  equations  for  CC  =»  I,  2,  3  respectively. 


3.2.-  STATISTICAL 


In  the  case  of  a  newtoniaa  fluid  we  shall  retain  the  classic 
assijmptioas  (13)  of  %  differentiability  in  space,  as  in  tinse,  linear 
relations  between  the  stress  components  Pctp  rate  of  strain 

compoaeats 

[28]  "00=—  +  —0- 

I  J 


»  14 


isotropy  of  the  fluid?  And,  for  a  gas,  the  Stokes;'  rfelat Ion ; 

;  |29]  /  3X+2\l=.0  ;  ^ 

between  the  two  coefficients  of  viscosity  ^  A  . 

;  ^  relation  [29]  ,  strictly  valid  for  iBonatomlc  gases,  is 

assumad  to;;be  practically  valid  for  usual  gases  (13).; 

Then  we  shall  use  for  gases  the  relation  (13)  (.6)  [2S|: 

■  «  n  Pa0=  -  ( "ap 

where  6  is  the  Kroaacker  swotrical  unit  tensor. . 

■  '  “fi,:  ■  "■ 'b;.--  . 

The  pressure  with  relation  [29]  is  independent  of  the  rate 
of  strain,  and  is  defined  by  thaisaan  value  of  the  normal  stresses  : 

The  viscosity  _[i  is  found  to  be  independent  of  density,  but 

dependent ; on  temperature.  B  '■'+  ^  -B  i.;  _  -  ‘  - 

For  the  relation  [29]^0]espsriffisnts  show  that  (13)  ”the  range 
of  validity  is  very  wide,  for  it  is  only  with  fluids  of  ccmplas  molecular 
Structure  at  high  rates  of  strains  that  [30]  has  been  found  to  be  inade¬ 
quate”.  For  siraple  gases.  It  corresponds  to  the  second  approximation  of 
kinetic  theory.  The  third  approxiiaation  shows  that  it  is  (13)  ”adequate 
for  most  purposes  in  fluid  dynamics  except  in  the  iEmisdiate  vicinity  of 
a  shock  wave”.  ■  -  ,  ■  , 

In  our  consideration  of  turbulence  we  shall  retain  also  the 
usual  assumption  that  fluids  show  hewtonian  behavior  (7)  and  that  the 
relation  [30]  is  valid.  Viscous  friction  limits  the  rats  of  strain  in 
such  a  way  that  the  linear  relations  betx^een  the  stresses  and  the  rates 
of  strain  continue  to  be  applicable  in  turbulent  flows.  / 

In  the  case  of  incompressible  fluids,  the  relation  [30]  may 
be  used  with  sero  dilatation,  Q  • 


dX 


a 


15  » 


Then,  the  term  corresponding  top^^p  in  the  equation  of  motion  (13)  is 


r,ii  ^Tap  d  [t, 

+  A  11 

^''P) 

d 

M- 

L  J  X  ^  N  w  \  1 

3  ^ 

dXp  ^ 

dXp 

^dXp  dXa  ''J 

Therefore  with 

[26] 

,  we 

have  the 

conventional 

form  of  the 

Navier  Stokes  equations  of  ration  for  a  gas  (13)  : 


[32] 


dv, 


a 


X)(p)  =  P.X<i  it  (f!P) 

GC  \  /  u  AVrt  V  AY  -  'Ay^  * 


dVf 


d  t  ^  ‘  '  '  dXpdxp 

.  2.  ap..  ^''p- 

<iXp  ^Xp  dX(j  ^  ^xp 


3  ^Xp^  ' 


and  with  [27]  4-7e  obtain  a  statistical  form  of  the  equations  of  motion 
for  a.. aewtoniah  gas  ?  ■ 


P  ^ 


D  t  P  e»xp  ct  6xa  -; 


Dt 

a 


PV  V 


±X, 


:'::^xp  -  z  ^ 


=  PX 


d'va 


'a 


dx 


p.  d 


(^y 

dXpdXp  3  dXa^dXp-' 

w< 


a 


/m  2  dp-  .“'P 

NAY 2,  Ay  /  3  AY~  AY^ 


4-AiL 

3  dXoc  dXp 


Since  the  coefficient  of  viscosity  |i  depends  on  teiaperature,  it  is 
necessary  in  any  complete  fojnnulation  of  the  equations  of  motion  to  allow 
for  its  variations,  as  has  been  done  above.  But  in  addition  we  have  to 
consider  that  the  tensperature  may  be  turbulent,  and  therefore  that  in 
the  general  case  the  viscosity  may  also  be  turbulent. 

We  may  separate  ^  in  a  macroscopic  part  M  and  a  fluctuation 
|i  such  that 


ft  at 


«  at 

M  =  M 


16 


The  right  hand  sides  of  equations  [33] 

>2 


35 


of  motion  then  reads  : 

«  .  .aw 


-P)r  .Ji 

'  “  axo;  axpaxp  ^  axa^axp' 


/av, 


a 


.#) 


dXj3  ^dXp  dXa^  3  dXa  dxp 


* 
+  \i 


A  ^  A] 

3  dXaMXp^  dXp^dXp  dXot^  3  dXa  dxp 

In  the  case  of  air,  under  normal  conditions,  for  instance,  the  variation 
of  [i  with  pressure  is  only  4  %  in  tnagnitude  for  a  variation  of  pressure 
of  25  I<g/cm2  (14)- and  is  usually  negligible.  The  viscosity  [i  varies 
approj^imately  as  the  0,68  po\i7or  of  the  absolute  temperature  0  ,  for  - 

temperatures  between  0"  and  2000®  F  (15) .  The  variations  of^i  are  of  magnitude 
100  %  for  a  variation  of  temperature  of  400®  centigrades,  and  if  the  tur"; 
faulent  temperature  fluctuations  are'more  than  ^  4®  centigrades  the 
turbulent  fluctuations  -of-.  ji_  are  more  than  „  X  .  y-L  i 

.  Experimental  investi-gat  ion  shows  that  the  relationship 'between' 
viscosity  and  temperature  of  a  gaS  is  a  non-random  function  even  if  i 
[j,  and  0  are  rand<xn,  and  the  derivativ®  — . 

[36]  dU  --  a  is  also  a  noa-randcmi  function,  ■ 

d  0  -  -  - 

nearly  constant , varying  only  slightly  with  0  in  usual  cases. 

Let  us  also  separate  the  temperature  0  into  a  Eiacroscopic 
temperature  ^  and  the  fluctuation  0  such  thafe  !  r 


0=0  +  1 


* 

0 


* 

0 


m  ^  SI - 

Then  for  limited  fluctuations  0  of  the  teraperature  0  ,  the  fluctuations  [i 


of  the  viscosity  [i 

[38].' 


are  limited  also,  and  we  may  assume  that 


■slf  *■ 

ji  =  a  0 


Such  assumption  seems  to  be  valid,  for  instance,  in  the  case 
at  . 

of  air  for  fluctuations  0  of  temperature  of  magnitude  plus  or  minus  a 


hundred  degrees,  and  "a”  is  nearly  constant,  its  dependence  on  0 
very  small  for  differences  of  hundreds  of  degrees. 


being 


►  ^  9  9  ( 


With  this  assumption  the  right  hand  sides  of  the  statistical 
equations  of  motion  for  a  net^tonian  gas  [34]  reads  : 

'ix  .M  a 


[39] 


*  ^2^ 


dXa,  ^XpdXp  3  dXcx^dXp> 


^dM  (  )  2  dM  % 

dXp^dXp  6xa'  3  e)Xa  dXp 


& 

e 


a 


dXndX 


I  6 

■i'— 


__  (^) 
3  6Xa  ^6Xp^ 


+  +_^V  -  ^ 


dXp  ^dXp  dXa^  3  c)Xot  dXp  J 
Tlie  folloistng  additional  term'  : 


da 


dXp 


2  da 


3  dXa  dX: 


(S^)' 


being  usually  negligible. 


3.3.“  STATISTICAL  EOUATIOMS  OF  MOTION  FOR  A  FLUID  RELATIVE  TO  A  CONSTANT 

rotation  coordinate  system.  “  -  .  I;i  :  .  ;  r 

If  the  coordinate  system  is  rotating  with  a  constant  angular 
velocity  whose-  Xy  component  is  ,  Y  being  here  the  running  Index 

1*  2,  3,  the  Coriolis  force  associated"  is  equal  to  minus  twice  the  vector 
product  of  the  angular  velocity  and  the  relative  velocity.  Its  components 

_  are  (11)  (r.h.s.)  : 


RO] 


C^=  2C.  Wy  PVo 

a  apY  Y  p 


in  directions  Ct 


G„  Y  being  the  antisynsaetrical  unit  tensor, 

pi 


Then  the  components  of  Coriolis  force  are  (r.h.s.)  : 


C.  _  2E 

Uv 

PV^  -  _  2 

(u 

PV^„ 

G), 

PV,\ 

'ipY 

Y 

P 

V  2 

3 

3 

^2=  ^SpY 

PVp.-2( 

>3 

PV,„ 

PV3) 

C  -  2  C 

Wv 

PV„-_2  1 

py,- 

Pv,) 

^3“  3pY 

Y 

p--  ' 

^  1 

2 

2 

■  • 
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The  Bieaia  value  of  Coriolis  force  is  ! 


41' 


Thus,  in  general, there  is  a  contribution  of  the  effects  of  turbulence  t© 
the  mean  Coriolis  force. 

Let  _  be  the  ccsiponent  of  the  centrifugal  acceleration  due 
to  the  rotation  of  the  coordinate  system.  This  must  be -added  also,  it  is 
non-random,  and  the  mean  value  of  the  corresponding  force  component  is  s 


[42] 


PJ 
•  a 


-p^a 


a 


The  statistical  equations  of  motion  for  a  corapressibie  turbulent 
fluid  relative  to  a  coordinate  system  in  constant  rotation  can  be  written 


[271  [41]  [42]  ! 


43] 


P  _ 

DL  'D 


PX, 


a' 


In  the  case  of  movement  relative  to  a  planet,  for  example  the 
Earth,  it  is  usual 'to  combine  the  centrifugal  force ^PJq^  and  the 
newtonian  attraction  by  the  planet  into  the  gravity  force  P  9^  . 

are  the  other  external  forces  components .  The  right  hand  side  of 
equation  f^S]  of  motion  for  a  compressible  turbulent  fluid  relative 
to  a  planet  may  then  be  written  : 


O 

a 


[44]  X)(pv^)  +  ^  ^apY 


IV.-  STATISTICAL  EQUAT1<»?S 

sacasasssssaaagsssasBcassaaarscsasaasaq 

OF  ENERGY  FOR  A  GAS.- 

gagg«3KS3ga8ss53asaKaagB8xeaaasa8 


4.1.-  STATISTICAL  EQUATION  FOR  INTERNAL  j^D  KINETIC  ENERGY  FOR  A  GAS.- 

Let  us  coasider  the  total,  internal  and  kinetic  energy  of  a 
gas,  per  unit  mass  :  p  1  v  v 

We  shall  snake  the  usual  assumption  that  the  internal  energy 
per  unit  mass,  6  ,  is  independent  of  the  movement  and  depends  only  on 
the  state  of  the  gas.  Also,  we  shall  limit  our  consideration  to  the 
case  of  a  gas  for  which  mass  is  conserved  so  that  : 

[4^  ['2D(p)=o  - :  :  :  :  ^ 

The  fundffiEsntaX  principle  of  conservation  of  energy  may  be 
expressed  by  the  notion  of  balance  in  the  volume  (  Q  ),  with 


PY=  Pe  +^  P  V^  V^  »  tfee  « 

diffusion  corresponding  to  t 


the  contribution  of  sources  ai 


nd  of  molecular 


the  rate  at  ti?hich  work  is  being  done  on  the  fluid  by  external 
forces  PXg[  - 

fP\<^tcdO 

Jq  :  ; 

the  rate  at  which  work  is  being  done  on  the  fluid  by  the 
surface  molecular  stressesp^^ 

the  rate  hp  at  which  heat  is  being  conducted  across  the 
surface  A  into  the  fluid  by  molecular  diffusion 


2.  d  a  = 
13  P 


Q 


and  the  rate  X)(^)  at  which  heat  is  radiated  or  absorbed  by 


the  fluid  s 


J' .O(q)  dfJ 


The  transformations  of  the  surface  integrals  into  volume  integrals  are  made 


■20 


witti  the  assumptioa  ’of  differentiability  in  space  of  hp 

Sisee  the  .  balance  is  valid  for  elementary  volume  d  Q  »  may  use 
[l9j  ■SHd  write  s 


a(Pe.lPv^vJ.^^(peVp4Pv„v„Vp) 


dt 


p4  (  '  V  )  =  P>'a''a-4;rfeA''a-U 


JY  ^  2  u  U/-  U.U  P 

This  is  the  Tasfcaataneous  equation  of  internal  and  kinetic  energy  for  a 
Let  ua  separate  g  into  E  »  the  macroscopic  internal  energy g 


»  a 

E  =  E 


and  e 

» 

the  fluctuation  V  -  1- 

-kn 

— 

e-^  E  +  e  with 

Now  . . 

. ■  '  -:  ■— ■ 

[4  8] 

—  {if  ^  ^ 

■1  V  V  _  1  V  Y  +  Yv  +  "I  V 

7  a  a  -y  -a  « Va  ^2.  a 

Using  [^6)  and  the  espressioa  [22]  yith  g  6  ^  or  using 

the  statistical  equation  of  balance  ('16]  directly  yith  for  instance/  . 


'49 


«  a  s  ■ 

F  -  E  +  V  Y 

^  ^  T  a  a 

V  -^r  *  A  ^  « 

If  =  P*X(''aH''a''a 


ye  obtain  a  statistical  equation  of  balance  for  the  internal  and  kinetic 
energy  of  a  gas  ; 


'50 

>  > 


=  PX„t.P)^?„,|_(p„p  v„  .  hp. 

_pIC4p1T  _  i  pTTI)  *  3D(q) 

p  a  ap  2  aap'  V'l/ 

With  the  direct  averaging  process ^  this  equation  is  obtained  without  recourse 
to  the  assumption  of  differentiability  in  space  of  and  hp  »  but 

only  of  P(xp^a  and  of  hp  (2.2.).  ^ 


4.2.~  IMSTAUXANEOUS  EQUATIONS  OF  INTERIM AL  ENERGY.  ENTHALPY.  ENTROPY.  AMD 
STATE  FOR  A  GA5.- 

Let  us  recall  briefly  the  classic  instantaneous  equations  of 
energy  and  state  for  a  gas  (O). 


The  terms  of  the  three  instantaneous  equations  of 
motion  [26]  are  multiplied  by  Vq  .  With  sunsnation  we  have  the  kinetic 
energy  equation  :  .  ; 


[511 


dX 


P 


Substracting  this  from  the  equation  of  total  internal  and 
kinetic  energy  [4 5j  ,  we  have  Che  instantaneous  internal  energy  equation 

dVc(  S'f'i 


152] 


p4|-  =  Pn 


TT" 

4^2^2.  To  cKpress; the  dissipation  of  kinetic  energy  as  heat^ 
one^tfses  the  first  law  of  thermodynatriics,  making  the  assumption  that  (13) 
whenever  small  changes  of  state  occur, be  the  gas  at  rest  or  in  mot ion »  . 

the  energy  dq  per  unit  mass  that  has  to  be  supplied  as  heat  to  provide 
for  these  changes  is  given  by 


[53] 


dq  =  de-^-p  dQ 


The  rate  per  unit  volume  (13)  at  vyhich  heat  must  be  absorbed  by  the  fluid 
may  be  written  : 


d  Q  p  d  e  .  p  Ti  d  / 1  \ 
Tt“"  Tt  /  dt  Vpi 


But  Pd  d  (JL ■)  =_!.  dP.  ,  p  ^ 

'  Tt'^P'  p  TT  dxp 

Tlien  with  [53] 


dQ  -p 

dt  '^^P'dXp 


dXr 


ah 


P 


ax 


with  [1  T] 


^(q) 


This  shot^s  that*  in  addition  to  heat  gained  by  conduction  and  radiation 
nn  amount  measured  by  <  13,  p.  54  )  : 


■5< 


vp  =p 


d\  ^  dVr 


«P^>Xp  ,  '  dXp.,.:., 

per  unit  volume  and  time  is  generated  in  the  fileiusnt  at.  the  expense  of 
other  forms  of  energy,  is  the  Rayleigh's  dissipation  function. 

Tlie  instantaneous  equation  of  iateraal  energy  for  a  gas,  , 
tyith  dissipation  is  : 


55 


di 


dt 


-  vp  -  p 


dVn 


dXp 


dh| 

dX, 


4.2.3.  la  the  case  of  a  aewtoaian  gas,  we  shatt  use  the 


relation  30  P(X  n  Fourier’s  linear  relation  between  heat 


P 


flux  and  temperature  gradient 


56] 


■  k  is 


h^=  k:^  f  : 

P  dXp  :  :  ^ 

ther^l  conductivity,  which  is  dependent  on  temperature.  0 


P  D 

•^^Paxp  ■  '^^dX 


vp  = 


.  1.  ^  ^  .  IJ  n- 

'p  3  a 

2 


dV(i 

3  "  dXd  dXp  "“p  dXp 


P  ax 


ava- 


axa  axp 


but 


®P  dXp  2  ^pkaxp  dXcc  '  2  ^P  ®p 

and  thus  : 

[57] 


vp  _  LL  n  n  2  )i  ^'^P 

'I'  -  2  "ap"ap  -  Y  ^  ^  ^ 


■  -  '-'’p 

The  equation  of  internal  energy  for  a  newtonian  gas  reads  : 

ft  de 


5  8 


dt 


=  'p 


Then 


4^2.4.  This  equation  may  also  be  expressed  la  alternative 
forms  9  using  either  enthalpy  i  or  entropy  s  per  unit  inass >  where  ; 


I  =  e. 


e  ds  =  de  +  p  ■ 


assuming  that,  for  a  gas  in  motion,  the  temperature  continues  to  possess 
the  property  that  is  an  integrating  factor  for  the  last  expression; 

Then  [l7]-_  ■  v  V  ' ‘  -  J'/' ^ 

J  P_^  P  dp  ^  p  de  ,  p  ^^0 

: ;  ■  d:t  sTt  6i  9  Ji  U  41  :  z : '  ^r 

p  ei^-  pAi  +  ]j  1  ;  ' "  "  ■  ^  " . -  -  -  -  ~  - 

-  d  t "  d  t  e>xp  -  :  ■ 

Therefore,  (  13*  p.  55  )  the  energy  equation  in  terms  of  enthalpy  is 

In  terms  of  entropy  it  is  :  .  .  -  _  - 

[62]  [  Pa_di,  >p  X)(q)  - 

d  t  ^  . 

In  the  case  of  a  non  turbulent  newtoniaa  fxas.  that  satisfies  [56]  ,  'apd 

without  any  radiation  effect , dividing  by  0  and  integrating  throughout 
the  interior  of  a  closed  surface  C  moving  vjith  the  fluid, dC  being  the 
element  of  surface,  and  4z  of  the  enclosed  volume  Z  »  one  see  that  s 


/  Pis.  d  3  =  /  jf  d  3  +  / 1  jL_f  k^'\  tl  z 

Jz  dt  X®  dxpV  axpi 

Since  the  quantity  of  mass  contained  in  the  volus^  Z  is  conserved,  in 
accordance  with  [17]  we  have  : 


1 tl 
0  dX^V  5Xp/ 


i_  rps  d  ^  =  fl  d  S  +  A  (.k_^>Q  )  d^  +  d 


and  traas forming  the  second  integral  oa  the  .r'»h.s,  into  a  surface  -, 
integral  over  C  s  ’  v  . 


dt 


ij 


L  I  Ps  dZ  =l±dZ^  I  iJC 


©dXp  P 


e2VdXj3 


.:.;if  the  fluid  is  corapletely- enclosed  ids.ido -haat.  insulating 
bouadar.ies,  with  which  C -coincides  ^  the  surface.  Integral  is  then  gero,J' 
representing  the  absence  ofvflui?  of  heat  through  that  surface,  ■ . 

Since  the  .dissipation  ..Is  never  negative ^  (if  [i  2s  0  i 
3  A:>  2  11  S  O)  ,  the,  volume  integrals  are  neYar  nesative  if  k  &  Q- 
Thus  the  entropy  of  the  entire  fluid  must  not-  decrease,  which  Is  in 
accord  .with  the  assertions  of  the  second  law  of  therniodyaaiBies.(13»  p-56) 

4^2.5^  The  definitions  :of  the  specific  heats,  Cy  at  constant 
volume  and  Cp  at  constant  temperature,  being  :  '  -  - 

He  Cy  dp 
^  di;  ^  Cp  de 

for  a  perfect  gas,  Cy  and  Cp  are  both  functions  of  the  temperature 
only.  The  equations  of  energy  |^55]  ,  in  terms  of  temperature, 

then  read  ■■  ■■  : . 

P  c„  -  f  -  1)  ?''P  +  AllfiC  + 

''(It.  dx, 


[66] 


P 

p  Cl,  4^  i -p  H.  In >  j) 
’’TT  (It  ii'tp 


And  in  the  usual  cases  where  Fourier's  relation  [55]  is  valid  (13,  p.57) 

a 


[68] 


P  Cyie.-  vp-p^  +  JL  f  k^'i  +  a)(q) 
''db  dxp  dxp  k  dx^J 

Pc.il-  vp  4.  A. 

Nt  ■  dt  ax, 


r  "I 

p  being  given  by  57J  for  a  newtonlaa  gas. 


4.2.6.The  ,thermal.lequatioa  of  state,  which  gives  a  relation  between 


p  ^  p  and  0  is,  in  the  case  of  perfect  gas  in  mean  motion  or  at  rest  ; 

[69]  P  Z.31P0 


where  TL=-B-  R  is  an  absolute  constant  and  m  is  the  molecular 

L  m 

v?eight  of  the  gas  ;  and 


N; 


"St  =  C  p  -  C  y 


■  for  usual  gases  one  snakes  the  assumption  that  these  relations 
are  valid.  The  departure  from  a  perfect  gas  is  negligible  (13)  ,  for 
the  air,  with  Y_=.__H_-i,4 


4 .-3. -  STATISTICAL  EQUATION  FOR  INTERNAL  ENERGY  OF  A  GAS.- 


Using  the  instantaneous  equation  [SS]  [4?]  [22]  and  averaging 


we  obtain  a  statistical  equation  for  internal  energy  of  a  gas  ?  \ 


Dl  Dt  PXo  P  dXo 


with  the  mean  dissipation 


—  * 

'P  =1  +  f 


*  _ 
1  =  p, 


P  -dX, 


»T» 

_  dV. 
p 

r  \  V 


f =p, 


'PoXp  ^Xp 


In  the  case  o£  a  cooimon  gas,  the  relations  [56]  and  [30]  [57] 
be  used  for  h  ^  and  'P  : 


[731  ^^P  ^  ^  f  k  ^9  ^ 

L  ^^6  ^^6^  ^^6' 


26. 


^  =  2  ap  ‘^ap-T  ^ 


ciXfj"  dX 


P 


.  * 


JS  11  ^ 

vi)  -  n  n 

^  ”  T  ct  p  a  p 


2 

^  dy^a 


with 


mi 


« 

5v; 


dVn 


'a  4.r  :P 


otp  - e,Xp  dxcx 

And  in  the  cases  when  assumption 


n 

'^ap  = 


'a 


v"* 

dVr 


dXp  dXa 


■Sf 


[76] 


is  valid 

iv-  dY.  /r—  2  I  ^^P  ) 

~  N  %t  N  v»  / 


$  -  1  M  ivT’  N  2_  ^  _ _ !3_  ^  a  (S  n  _ _ — 

:  ■  :  "  T  ^P  ccp"  3  dXa  e)Xp  V  «p  cep  s  dXa  dXp 


-f  =  1  Mn„„n 


^  - - - -  ^ 

'°^P  cep  3  dXc(  dxp  ccq  ap  3  ax^  dx^ 


4.4. -  STATISTICAL  EQUATION  OF  STAXli  FOK  n  PERFECT  GAS. - 


Tlie  thaimal  ^equation  of  state  [69]  is  : 

[77] ;  [  ;  :^p(0+e)  ^ 

The  statistical  equation  of  state  for  a  perfect  gas  reads  : 

P  =  n(p 0  +  P^  )  - :  '  “  :r 


4.5.-  STATISTICAL  EQUATION  OF  ENTHALPY  FOR  A  GAS.-' 


Tlie  enthalpy  I  per  unit  mass  be  decomposed  into  a 
macroscopic  enthalpy  I  and  a  fluctuation  1  such  that  :  ; 


a  »  . 
1  =  1  i 


[79]  [  i  =  Ui  with  [80] 

Using  the  instantaneous  equation  [6l]  and  [22]  we  have  a  statistical 
equation  of  enthalpy  for  a  gas  ; 


•  •  #  /  •  »  • 


—  SI?  S  «  ¥ 

pm  +mpi  *  Pi  z!e.  +  pv„  , 

Dt  Dt  dXp  P  dXp  - 


dXp  dXp 


p  1  Vr 


D(q) 


The  heat  conductivity  k  ,  and  the  specific  heats  Cy  oif  ^'p 
of  a  common  gas,  which  are  dependent  on  temperature,  may  be  separated 

into  macroscopic  terms  K  and  Cy  ;  or  Cp  ,  and  turbulent  fluctuations  k 

and  Cy  or  Cp  »  respectively  such  that  :  - 


[82' 


kJJ 


*  « 
K  -  K 


^  a 


Cp  -  Cp;+ C  p 


and  of  the  specific 


Variations  of  the  Prandlt  number,  ^  =1^  — P-  of  the  specific 

K 

heats  with  temperature  hre  ^15)  of  a  lower  order  of  magnitude  than  those 
of  the  viscosity  and  thermal  conductivity.  Then,  as  far  as  fluctuations 
and  K-  sy®  concerned,  we  may  retain  the  assuroptions  of  constant  Prandlt 
number  and  specific  heat,  and  the  thermal  conductivity  must  vary  with 
temperature  in  the  same  way  as  the  viscosity,-;,  ■ 

JLai 

M  K  *  ,  , 

An  assumption  analogous  to  that  made  for  [i  [38  can  therefore  be  made 

»  9C  ■  . 

for  k  ,  for  limited  fluctuations  of  0 


Lbe 


with 


b 

de 


28 


If  the  fluctuations  of  specific  heats  are  negligibleg  with 
[22]  and  averaging,,  we  have  2  /  ' 


[85j 


P_D0  +  D  pe  ^pe  _..P  ^py  ^ 

Dt  Ut  dXp  P  dXn  dX 


d© 


3,  ^  * 

e>  pe 


f- -p^  +  Dfq) 

^  dXn  ^  dXr^  ^iXn 


dV 


dhf 


'P 


dXp  fiXp 

e>v; 


pM.ApS.pS3..pv 

Dl  Dt  dXp  PdXp  dX 

^  -®(q) 


p0  V 


P 


P 


Dt 


dX 


dX 


jst  «.  . .  ■  ,  .  -  - 

If  the  f luctuations- Cy  »  ^p  are  iiot  negligible^  an  assumption 

like  [38]  can  be  made  again,  but  in  addition  for  limited  fluctuations  of 
^  .  ■■■  ■•"■■■■  -  ■■■'■'  •• 

temperature  9  we  may  assume  tkatlthe  derivatives  : 


■I 


A^  -  a 

de.~  '' 


‘*^P- 

-J  ‘  -  P 

d'Q  I 


are  constant  in  usual  cases.  Then  s 


[88] 


Cv,  Cu  +<1^  0 


^  * 
Cp  =  Cp  4  ap0 


'V  =  '^y 

.  ■  _  ■  I '  .  ‘  r  ./  . 

1*^  the  general  case  the  equations  of  heat  transfer  [85]^[56] 
-have- terms;  of  -  the  form  s  '  ^ 


Pc,i®,=  ?,,p4®  +  0  pe  jk.  -  c.,Pd9  +a„(±pilf  +p5iS] 

Vdt  Tl  V  .k"  ''  IT  ''''2  dt  dc' 


a  * 


»  » 

g=e 


Using[2lJ  with  9=  ®  '  6=0 

Pie =pM.1.(pS)  ,  P?„  4 .  pii!t  ,k_(pSh) 

^  dt  Dt  Dtv  ^  p^  aXp  dXp'^  P^ 

Using[2l]  with  9=©^  6  =  0  9  =  ©^ 

8^ 


P#?.  S  (p|2)  ,  P§^M  .A(pS^t) 

jt  ^  dxp'^ 


Now 


Pe  d© 

d  t 


*  ^  S*  »  3,  S' 

pe  _D©  4.  P  0  Vo 

Dt  P  axp 


With  [65j  [66j  and  averaging,  we  obtain  statistical  equations 


of  heat  transfer  for  a  turbulent  compressible  gas  : 

'  a  ' 


J5fr_»w  »  ^  ^  OVA  N  ^ 

*  DL  ut  PpXft  6Xn  dXn  P 


.  sis 


J-Pe2  ^  4^Pe^f^+PeMj.Pev  ^ 

P  -  O  A  1 


V  2  Dt 


dX^  ^ 


F  -m: 


*  r ^  >A  <3V/5  «  W 

G-n  P-D®-+^P®  +  Pv»  _o^+P0__§_  +_^  Pev^ 

w-  T3T  p  PXp  6Xp  .5Xp  _  P 

[90]  40„fi  i-pl^*!^:^  +1  Pe'  v.  .,?l  M*  P  e 

■  P[2D-t;:,V  -2  -pXp  2  Mp  P.  Dt  .  Ppxp 

>  .  If  4^  4  .  I  ;  ■  :  ^  ^ 

:  I  Dt  PdXp  dXp 

9  is  given  by  [72]  ,  for  a  newtonian  gas  by  [74]  ,  and  with  the 

assumption  [38]  [76]  .  Also  for  a  ccanaon  gas  hp  is  given  by  [s 

and  v/ith  the  assuiuption  [S^  :  _  :  - 


:«  dYn 


^h  j3  ^  ^  I  d  0 
dXp  dXp  [  dXp 


K  +  b  (i-  +  0  6©  )  ] 

i^dXfi"  "  ^2  ^  dXo/J 


4,7."  STATISTICAL  EQUATION  OF  KINETIC  ENERGY  FOR  TlFg  IlAeROSCOPIG  M0VS1-1EHT 
OF  A  FLUID.* 

If  the  terms  of  the  three  statisticai  equations  of  motion  for 
a  compressible  turbulent  fluid  [2  7]  ^xe  multiplied  by  ,  with 

BUHsnatioa,  xfe  have  with  [45]  :  . 

Id  ^ 

iP^fVVUV-B-Pv  4Y,Pv„^4X/^Pi  _ t- 

2  Dt^  ®  ^  P  dXp  ^  dXp  ”  ^ 

.  P  fy  fs—  pTT]1  /t—  Pv^  ] 

-  ““  dxp  aWap-  a''p]  -Uap-^^V'^p 


tne  part  or  corresponaing  to  cue  taessi  aissipacioa 

heat  caused  by  molecular  frictloa  la  the  macroecopic  niotioa  . 

In  the  case  of  a  newtonlaa  gas^^  H  is  given  by  [74]  and 


with-  30  • 


4.8.--  STATISTICAL  EQUATION  INTERNAL.  "AND  TURBULENT  KIWETIC  -  ENERGY 
FOR  A  GAS.-  ....  ■-  ... ' ' . L 


Substractiag  the  terms  of  [92]  from  those  of  the  statistical 
equation  [50]  of  internal  and  kinetic  energy,  we  obtain  a  statistical 
equation  for  internal  and  turbulent  kinetic  energy  for  a  gas  ; 


9^; 


DL  Dt 


.  — 

D.(p 


Pv  V 
a'a 


. _ 

Dt 


* 

dE 


P 


'I  px?  .  p  (’^“rx 1  Pv  ?  V 

V  ®  *  2r''a’'a  j  =TVa  ■^3x^VTJ(xp''a  *"3  Va’p 


-  PV..V 


m 


ap 


^  — 

+  ^  _  P 


3 

dX„ 


^>(q) 


4.9.-  STATISTICAL  EQUATIC^  OF  TURBULEl^T  KINETIC  ENERGY  FOR  A  GAS.” 

Substracting  now  the  terms  of  the  statistical  equation  [71]  of 
internal  energy,  frcm  those  of  equation  ,  xje  obtain  a  statistical 

equation  of  turbulent  kinetic  energy  for  a  gas  : 


^  ^  ®  a  _  ^ 

D  1PV„Y„+PV, 


a  » 


Dt  2 


a  a 


a 


^^lPv„v„  — P  - 


Qt  2  ««  dXp 


-PX  v  .H  ^  (p  V 


a  p-  0^-  Wp)-  ^''a%  lYp 


dXr 


with 


ir"-‘ dl^  ■  ^  . 

vjhich  is  the  part  of  p  .  corresponding  to  the  mean  dissipation  - 

as  heat  caused  by  taolecular . frictitm  la  the  fluctuations  Vp  of  the 
velocities ■_  .  , .  ^  ;■■ 

■■•'3 . '' 

la  the  case  of  a  newt on tan  gas,  ip  is  given  by  [74j  and  „ 
in  the  case  when  assiaaption  [38]  .  is  valid  ly [7 6] 


4.10.-  IHSTANYAMEOUS  AND  STATISTICAL  EQUATIONS  OF  TOTAL  ENTHALPY.  AMP:  OF 
TOTAL  TEMPERATURE.  FOR  A  GAS.-  -  Vv  ' 

aPfpjTgTT  ■  n  i  r  <  ij‘  iim  im 'll  I  niyiw^i  ei'iii  r  If  >  ha^ik  t!  ^ 


A  total  enthalpy  per  unit  mass  of  the  gas  may  be  defined  by 


[97] 

-coaponenta 

[98] 


4  =  1+1  44=  e  ._L  .±v_v„ 

^  2  a  cc  p  2  ^  ® 


Let  us  separate  the  pressure  p  front  the  molecular  stress 


V=-P" 


F 

af5  *  'ap 


-  32  - 


beinig  the  molecular  friction  stress  compoaents  .teasoi^i. 

The  instantaneous  equation  [45]  of  internal  and  kinetic  energ' 
may  be  written 

Also,  v/itlt  [17]  : 


ioo 


d  7..,  ^  T,i'\  .V  -  ?  dp  .v_ 

- —  +  *(X —  =• ^  ■  .  ■  ■  +  'rr  t:  ■■  ■ 


dX, 


a 


(P''a)  =  P 


dX, 


1  P  d  t  ^ 


But 


101 


so  that 


p  -ii 

dl^P^  P  dt  “^d  t 


[102]  ^-(p^x^VpiiD-^ 


dxa'^’  'dt^P^  dt  :  ^ 

Equation  [99]  becomes  thus  the  Instantaneous  equation  of  total  enthalpy 

(  16,  -p.  33?)  ;•  ^  '  -  -  ■  v 


'103] 


If  now  xi?e  consider  the  macroscopic _,total  enthalpy  I  and  the 

gj«  .  -  -  -  T  .  ■ 


fluctuations  of  total  enthalpy  t 
*  * 


[104] 


such  that 


«  « 
It=It 


We  obtain,  xi^ith  [22]  [IO4]  and  averaging,  a  statistical  equation  of  total 
enthalpy  for  a  gas  ; 

p£Ii  +  -D-Pit  -^P^T  — -  ^'t*p-= 

Dt  Dt  ^  P  dXj3  ^  dXp  dXp  ^  ^ 


105 


=  ^  ^apV*hp)  5>  (q) 


For  a  common  gas  is  given  by  [56]  and,  with  the  newtoniaa  relation, 


[106] 


dv^ 


=  -  f  I" -5i^  ®ap;  "ap 


Also,  by  addition  of  the  terms  of  the  statistical  equation  [81]  of 
enthalpy  and  [92]  of  kinetic  energy  of  the  macroscopic  movement  we  have  : 


[107] 


_  !!  /  a  »  n 


_  S  ^  ■»  rt  \  ®  M  5^  S  — W~  ^  »  . 

.PVp 

(^f  JaK  )  -Sf  =^t 


1 


~  m 

f  P  CC  .  0)  ^  I" 


a  '6 


dx. 


+  T  - 


dL 


fV 


«  dp 


dXp 


The  equation  of  total  enthalpy[lQ3j  may  be  also  eonsldered 
terns  of  total  temperature  9^  defined  by  :  .  - ' 

p08]  Cp  de^  =  d  4:-  Cp  de  *  d  (i  w):  ■  "  '  T  ‘  -  '  ' 

and  then  reads  J 

[109]  P  CTi45L  =  piil 


Let  US  separate  0^  into  a  macroscopic  total  temperature  ©i- 
and  a  fluctuation  of  total  temperature  :  [ 


Qj  =0^+0^ 


such  that 


0  _0 
T  =^T 


[-110] 

Averaging  [l 09] and  with  [2  2]  in  the  case  when  the  fluctuations  Cp 
are  negligible,  we  obtain  a  statistical  equation  of  total  temperature  for 


a  gas  I 


«  /  «  o  s 


In  the  case  of  motion  relative  to  a  coordinate  system  in 
constant  rotation  «  the  axis  of  which  is  fised^  we  have  to  consider 

the  rate  of  vjork  made  by  the  Coriolis  £orce»  [41]  which  reads- i_ 


Tliis  term  is  null  because"  the  Coriolis  force  is  orthogonal  to  the  relative 
velocity,  and  therefore  its  work  in  that  movement  is  null.  We  must  also  ' 
consider  the  mean  rate  of  work  auide  by  the  centrifugal  force  due  to  the 
rotation  ‘  .  .. 


which,  in  the  case  of  a  movement “relative  to  a  planet,- is  eombihed  with  _  : 
the  newtoniah  attraction  into  the  gravity#  The  rate  of  work  of  gravity  is  s 

The  terms  relative  to  the  rate  of  work  in  the  macroscopic  motion 

has  to  be  added  into  the  equations  [92]  [10^  jlO^  jl  1  lj 

—  *  _  * 

—  replacing 

The_ terms  relative  to  the  other  part  of  the  rate  of  work,  i.e. 
in  the  fluctuations  of  velocities,  has  to  be  added  into  the  equatioxB[9  5]  (94j 

BolDo^mi]  ■  _  '  : 

replacing  X(x 


5*2*1*  Tlie  statistical  equation  [13]  or  [l  4]  for  balance  of  mass 
reads  in  the  well”knox5n  equivalent  forms  •  (  6j  p.  82  ) 


11  5‘ 


+p"v;;)  =  X>(p) 


A—  AV^  - 

-Q£  f!P  »_3_  p"v;;  ^ 

Dt  .  dXp  dxp  P 


in  i5?hich  there  are  three  terms  P'^Vj 


corresponding  to  the  mean  mass 


flux  due "to  turbulent  effects,  and  related  to  correlation  between  density 
and  velocity.;  .  ] 

Siiiii  The  Statistical  equation  [1 6]  for  balance  of  a  transferable 
quantity  p  Y  ,  with  mass  balance,  reads  :;<>  ^ 


[116] 


p  on  D  5)(pj= 

m"  DT  P  dXp  dXp  dXp^ 


=  33 


where  again  thate  are  three  terms  at  least  included  In  the  mean  mass  flux 
due  to  turbulence.  T_ 

-  ' 

In  the  case  of  an  incompressible  fluid,  and  when  Y  =  0  ,  . 

an  equivalent  equation  is  given  by  HINZE  (  7,  p.  25^. 

5.2.3.  The  statistical  equations  [2  7j  of  motion  for  a  fluid  read  : 


A —  A  _  _  A'\7~  _  dv 

p  „  D  V(j  ^  Q  p'l  y'r  ^  p"  v"  p^Y"  P 


117 


Dt  Dt 


P  dX, 


a 


^  p  »iv' .  V  ^(p)=  PX«  Z>(P^) 


Using  these  equations,  with  X(j=0  >  3)(p)=0  and  the  equation  [11  5j 

of  mass,  one  fin<h  the  equations  given  by  SGHUBAUER  and  TCHEN  (  6,  p.  82  ) 
Each  of  the  three  equations  have  five  terms  including  the  mean  turbulent 
mass  flux. 


For  a  newtonian  gas,  tjith  Che  assumption  [SSj  which  in  the 
present  case  may  be  interpreted  as  implying  5 

.p18j  r  fi  0" 


[11^  |i  =  |i  a  0" 

Che  relation  [39j  gives  : 


''a)  =  PXa  - 


.ir  6^vg  JL  ^  : 

SXa  dXpdXn  .  5 

)-l  ^ 

3  dxa  e>Xp  [  dxpdxp  3  dx, 


F1-19]  +^(i]k 2  ^''p  -(^T6) 

5Xp  dXa  3  dXa  dXp  [  dXpdXp  3  8Xa  8Xp 


^  80"  f  ^  ^"0  ^  2  60"  ^^0 

dXp  dx^  ‘  3  dXa  "Hp 


The  additional  terms 


'  6a  [  - 1-  0"  : 

dXp  6Xp  6Xa  3  dXp 

are  usually  negligible <>  . 

The  statistical  equations  pS]  of  motion  for  a  fluid  relative 
to  a  constant  rotation  coordinate  system  read.  ; 


A26 


reads 


]2\ 


A _  A 


P  J_  P"V^^  .■P''Vo  ^P^V" 

D  l  Dt  ■  p  6Xp  a 

4. _A_  p^^' ^ 

6Xp  «  P  «  ^  ^  ^  -’Sx^  axa 


^  .  tt-p 

p  ^  ^apY  '^P 


P"  V  " 


In  the  case  of  motion  relative  to  a  planet  the  right  hand  side 


a  W 


^  4-  P 


-  JO  ^ 


One  terra  in  each  equation  includes  P”V^  ^  in  the  Coriolis  force. 

Tile  statistical  equation  [92]  of  kinetic  energy  for  the 
macroscopic  motion  reads  t 


±  P  (v  V  )  ^  V  D  +1.  P V 

2  m  ^  ^  ^  '  ct  ni  ®  2  P  ^  W 


122 


with  s 


[123] 


2  Dl  ^  DL;  ^  ^  ,  2 

^■.-  Au  _ —  -  ' 


A  -  ^ccp  -5^ 


\  fep  -  ^  Hi  V  ^ 


and  for  a  newtonian  gas  : 


124 


^  M-  n  n  -  2  |,  V 


4^  (''a  fap  )=  -  T  '"-exf  )  "«P^ 


and  with  the  assumption  [l  1  S]  : 


[125]  $:  JL(ii^liM  C^)^a[^n;;„  n^-i  e"i!t4!P- 

A  2  ^  3^>dX^'  [2  Ctp  3  ^^X(x  dXp 

Using  these  expressions,  with  X(j“0  r  a  ,  and  the  equation  of  mass  [115]  ■  1 
one  f irub  the  equations  given  by  SCHUBAUER  and  TCHEN  (6,  p«  83). 

5i2i5i  statistical  equation  [SS]  [86]  of  heat  transfers 

in  the  case  of  variable  but  non- turbulent  specific  heats,  reads  : 


'126 


c„  (p  DS  ._L  P'VVP'V  ^  +  p"v;  P  e'v:  )  ^ 

Tt  Dl  ^  P  dXp  dXp  P  ' 

—  _  7N  If,  \' 

=  'f-  P  -P  ®  ('>) 


dXp  dXp 


^  40 


131] 
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The  assumptions  ^56] 

k  =  k  -4-  b  ©"' 

Then  s 

d  h  ,o  A  t 


give  % 

because  0 


de  .  b  de''‘ 


dx, 


dXp  \ 

dXp 

[72]  [72] 

»  and 
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P 


f  =  1  +  9" 
A 


2  dXp  / 

with  the  assumption  [118]  by 


vp"  :^iL  n;'^  „  i_  LL  +  a(®''n  n  - - 

2  «p  3  ap  ap  3  dX(x  dXp 


'a 

using  for  ^  the  expression  [l 2 5j 


5.2.6/  The  statistical . equatioa  [9^  of  turbulent  kinetic 

energy  for' a  gaSj,  reads 


134 


E_  x  px  t  +  p"''^  .i  pv^  t,  — &- = 

dXp 


Dt  .  /  ^  “  _"DF  "■j" 


-5t-  (fap''a  -  -l-P''a  ''a  ''p  ) 


pv"y" 

«  P 


\-V-  Vi 

a 


dx 


In  the  case  of  incompressible  fluid  this  equation  gives  the 
well-knoxm  turbulence  energy  equation  (7 jp.  65). 


constant 


5^2^7i  In  the  case  when  the  specific  heats  Cy  and  Cp  are 


135 


e  =  Cy0  + 


\  ==  Cp  e  + 


«  a  •  /  B  a  < 


let  us  put  112 


136 


e  =  e  +  e"  =>  0 

e  =  Cy0  +  C*^ 
e"=  CyQ" 


•  •  •  *  //  •  // 

l  =  UI  rr^  1=^0 

r  _  Cpe  -i-C^ 

•  if 

i=CpeV 


Tlie  statistical  equations  become  : 

for  internal  and  kinetic  energy  with|4  9]  [SO]  and 

Y  =  f.Y  t=  v"vi 


^38] 
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M 


P  P''a  'g  ) 


_ _  _  _ _  _ _ _  5V 

^  '’"^P  4  V)  ^  ''a  P"^a  ^  ''a  V  )  ^ 


*  ^''a  *  I’p  -Ps"''p  ■ 

-i^Wp  )-5^  ).  ^ 


for  intemar  energy  with 


A 


dV^ 


pM.4f  _0-  pV  H-P"v^  _^  ^.  PV  ^  = 
Dt  Dt  P  dXp  dXp 


=  'p-p 


dXp  ■  dXp  dXp 
for  state  [78j  s 

f  -  R  (  p© 

for  enthalpy  with  [BI]  : 

_  A 


p  li  ^i  p''i"  ^px  ^ 


m  Dl 

.V" 


P  M 


0 


dX 


P 


dp" 


Dt  "■  ’PdXp  ■  dX 


P 


(hp  „Pi  V"  )  4.  J)  (q) 
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Tfte  total 


[14  2] 

thea  t 

[143] 

constant 


[144] 


for  internal  and  turbulent  kinetic  energy  with  [94]  ^  or 
by  addition  of  03^  and [13 4]  ♦ 


_  A__  _ 

pii»-D_(pv.fiPv;; V" )  tP'V”  ^*p"Vb  ^ 
TTT^  n]  V  2  «  cc  /  ^  Dt  P  ^Xp 


(PV.iPv^^  )  S= 


,11  ,,*/  dy. 


-  dyr. 


1.  P  V"  V'  V''  ] _  P  V"  ,  M  -  P  ^6-  p*vi[  .  j)  ( q ) 


®  P  dXp  A  dXp  dXp 


enthalpy  in  that  case  is  ; 


» 


’t  =  '  -f  y  Wa  =  '  +  '  \  V  '(i  y 


Let  «8  set 


lx  =  l-j-  -1-  1 1" 


i"  =  0 


u  =  I  4^±y^'^~  ^  ±y^  I 


^-aa^yaa 

\i*f  A  \lf' 


i''  i"'  ^  v''  ^  ^  V  V"  1  V'  V"' 

't  =  '  *  ~2  ^  ^  ~T  ^  ^ 

The  statistical  equation  [lOS]  for  total  enthalpy*  with 
Cp  *  reads  :  , 

_  A_  A  _ _  _  xT  -7- 

p  iii*-D_pi;^p"v' ^»pi;  P  = 

Dt  Dt  p  dXjj  dXp 

=  -  § 


•  «  •  /  O  •  • 


In  the  case  when  Xq^_0  =  ,  and  with  the  mass  balance  [115]  , 

d  L 

this  equation  leads  to  the  equation  given  by  SGHUBAUER  and  TGHEN 
(6;  p.86  ;  eq.  6”4a) . 

Also  with  the  statistical  equation  [l  07j  ,  or  by  addition  of 
equations [i^Oj  of  enthalpy  and  [122]  of  kinetic  energy  of  the  mean  motion, 
one  finds  i 


1^5 


A  - 


P  _D. ( i  +  i  V  _D_  p''r' „ y  _D_  P "v^  +  P' v"  ( i  +  1  v  v 

Dt^  2  DL  *^  01  ®  P  dXpV  2  ^  (X  ) 


_ _ _  ___  dV  ___  r  _ _  _ 

(P’i'.v,  p-'v»)  PX„^  ^(F„p.P^)*hp.Prv' 


p  dxp  dt.  p  ^  ^ 


The  total  temperature  9-^  ,  x^heii  the  specific  heat  Cp  is  constant- 

[97]  [135]  (6»  po  761)  is  given  by  j 


[1^6 


Cpex^ir +  C^=Cpe+^A(jV^^Cpe  +  i:p0"H.iVQ^ 


Ml 

m. 


Let  us  put  5 
0-j-  _  9y  4- 


Cp0y  =  Cp  9 


c-D0^'  =  Cp  e  4-  ^ 


The  statistical  equation  [111]  for  total  temperature  with  constant 
specific  heat  C'n  ^  reads  ; 


6  a  a  ^  9  e  a 


for  sl05>7  motions when 


p':.o 


^  5'. 2.8,  -In  Che_  case- of /Eotion  relative  to  coord iaate  system 
_ in  constant  rotation j  with^a  fixed  axis »  or. relative  to  a  planet »  the 


'JrrPV^  or  Q  PV„  and  Xf/  replacing  a  to  equations [12 2103 7^ 

or  g  P^'V^  and  Xc(  replacing  Xq^  ,  to  equations 7^ 

-  UL  -VA.  -  p.  ~  ^  a.  _ 

[141][1<4]B-«8] 


The  term  Q  P  V5  given  by  L.F.  RICHARDSON  (3)j,  (H)  “reduces  to 
'^nr  y. 


“9  ^  ^^3  when  the  direction  X,  is  vertical  and  forms  basically  the 


tor  of  h‘ 
bulence  b 


productipn^^ 


finition 


of  the  mean  motion  used  by  method  ''A"»  it  is  not  very  simple  to  consider 
the  fluid  enclosed  by  a  surface  moving  at  the  mean  velocity  of  the  fluid, 
because  there  is  a  mean  flux  of  mass  P^V^  due  to  turbulence  through 

such  a  surface. 


6.1,1.  The  essential  properties  of  a  gas,  at  the  continuum 
scale,  are  described  by 


P  V,  .  p  s  and  e  ,  or  I  ,  or  U  , 

and  0  ^  f|^  S  ,  - 

atr  various  space  points  X|  ^2  xj  as  functions  of  tisss  t  . 

It  is  necessary  also  to  give  definitions  of  the  voltime  forces 
of  the  specific  heats  Cy  and  Cp  by  means  of  relations  between  6  , 

0  »  Cy  [631  »  i  ,  ©  ,  Ct,  r641  »  and  to  apecify  the  relations 

between  the  rate  of  strain  and  the  stress  r(x0  l?9j  »  and  between 

the  flux  of  heat  and  the  temperature  gradient  [563  »  definitions 

of  the  parameters  |i  and  k  . 

The  principles  of  mechanics  give,  for  the  balance  of  mass  one 
relation  al  73  between  P  and  ,  for  the  balance  of  mcsaentum  three  - 
relations  [263  1"® tween  P  .  V(J  .  p  ,  and  X^  ,  p  »  the  balance 
of  energy  one  relation  [SSj  or  [61]  between  6  or  ]  ,  p  ,  ,  p  , 

f(2tp  ,  and  heat  flux  by  conduction  and  radiation.  Tills  relation  may  be' 
expressed  also  in  terms  of  6  +  i  [^63  *  *T 

also  Xq[  •  -  ^  ^ 

The  thermal  equation  of  state  [693  gives  one  eolation  between  p  , 
P  and  0  .  The  balance  of  energy  may  also  be  expressed  in  terns  of  0 
^53ot-[6  63  »  ©T  p  ^  ®  [^23  »  between  these  terms,  P  , 

V(^  9  p  »  ^v*^p*  ^ocp*  ^  (*l)  “ 

Tlie  heat  Cj  and  the  internal  energy  are  related  by  the  first  law 
of  thermodynamics  [5]^  which  permits  definition  of  the  dissipative  effects 
as  heat.  Tiie  entropy  S  is  introduced  by  the  second  law  of  thermodynamics 
[6 03  which  leads  to  the  assertion  that  the  entropy  of  an  isolated  system 
must  not  decrease, , 
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Then  the  fundameiital  relations  given  by  mechapies  and  thermo- 
dynamies  determine ^  with  the  boundary  conditions ^  the  fuha&sntal  ' 

properties  of  the  fluid,  ,  ■  ,  /; 

T!ie  choice  of  the  most  convenient  fundamental  physical  quanti¬ 
ties,  and  of  the  separation  of  these  quantities  into  macroscopic  and 
fluctuating  parts  has  to  be  made,  in  order  to  obtain  the  simplest  forms  of 
the  equations  for  mathematical  treatment,  for  physical  meaning,  and  for 
making  measurements, 

6.1.2.  The  balance  equations  are  obtained  by  observing  the 
fluid  within  a  fiKed  closed  control  surface  A,  which  encloses  a  volume  (  Q  ) 
of  the  space  through  which  the  fluid  flm-js,  and  SKpressing  the  budget 
within  that  volume  of  the  transportable  quantities  PY  ,  which  are 
extensive  because  of  their  dependence  on  the  mass  of  the  fluid. 

Tlven,  for  a  compressible  fluid,  in  which  the  density  P  may  be 
variable,  it  seems  convenient  to  retain  the  transportable  quantities  P  Y 
per  unit  volume,  the  control "volume  being  constant,  i.e.  : 

P,  P't,  Ps- 

To  express  the  mass  balance  per  unit  volume,  we  shall  retain 
the  dansity  P  ,  or  mass  per  unit  volume,  which  is  already  used  as  a 
fundamental  quantity,  - 

To  express  the  momentum  balance  per  unit  volume,  we"" shall  retain 
as  a  fundamental  quantity,  the  momentum  par  unit  volume  *  instead  of 

the  velocity  x.jhich  is  usually  employed.  Tliat  choice  seems  to  be  the  most 
convenient,  when  the  mass  is  variable,  for  statistical  fluid  mechanics,  as 
well  as  for  quantum  and  for  relativist  mechanics  (D.tlASSiGNON;  17)  (A. 
LIGHNERCK7ICZ;  20)  .  \Jhen  the  mass  is  constant  the  choices  of  PVq,  or  % 
as  fundamental  quantities  are  equivalent. 

To  express  the  energy  balance  per  unit  volume,  we  shall  retain 
as  a  fundamental  quantity,  the  internal  energy  per  unit  volume  P0  .We 
may  also  retain  the  enthalpy,  or  the  total  enthalpy  par  unit  volume,  p  j  , 
or  P If  . 
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The  additional  unicaown  terns  which  appear  in  the  equations  ol 
incosapressible  turbulent  fimjSj  such  as  [jl  6j  : 


PYv, 


% 


d  X 


P 


P 


the  diffusion  of  PY  by  turbulence, 


must  be  retained,  in  genial  forms  with  P  randcm. 


Concerning  the  other  additional  vnlcnows  terms,  we  may  look  £ox- 
reductioa,  when  possible,  with  the  help  of  the  general  equations,  into  the 
simplest  and  most  significant  forms. 

The  statistical  equations  of  mass  pi  4j  and  of  balance  06] 
show  that  P  enters  into  several  terms.  j-7e  may  therefore  retain  the  usual  - 
separation  ; 


iso 


P=  P  + P=Q  P  =  P^ 


These  equations 


show  also  that  there  are  : 


-  -  -  n  ^ 

mean  fluK  of  mass  due  to  turbulence  P  V/ 


a  transport  of  the  macroscopic  quantities  P*  by  this 

flux  of  mass  : 

it  . . 

dr  ..  ~  ’  ^  :4-  ■ 


PV. 


dX 


P 


additional  transport  terms  involving  PV 


We  shall  therefore  use  the  follm^ing  definitions  (2  ;  eq.  l2)  (8)  for  the 
macroscopic  and  fluctuating  terms  of  ; 


[151] 


''a='’a*’'a 


Pv  -  P  ^ 
a-  a 


\  =  V 


pv^  =  0 


I  •  «  ^  a 


in  order  to  eliminate  mean  mass  flujc  due  to  turbulence,  transportation 
by  this  fluK,  and  all  the  corresponding  terms  of  the  equations.  The 
macroscopic  velocity  will  be  named  the  mass^weighted  mean  velocity. 

These  definitions  allow  consideration  without  special 
difficulty  of  the  fluid  enclosed  by  a  surface  moving  at  the  macroscopic 
velocity  ,  because  there  is  no  mean  mass  flux  due  to  turbulence 

through  such  a  surface.  r  . 


These  definitions  are  convenient  also  for  turbulence  measure™ 
mehts  because  in  hot-wire  anemometry,  the  quantities  measured  at  low 
speeds  are  the  fluctuations  of  PV^  and  of  0  ,  and  at  supersonic  speeds 

the  fluctuations  of  P  ^(x  and  of  a  quantity  which  is  very  close  to  the 
total  temperature  ^  (16,  p.  17 6X,  as  has  been  sho^nv  by  S.  CORRSIN- (18)  , 

L.S,.  KOVASZHAY  (19) s  and  Other  authors.  :  - 


In  the  statistical  equations  concerning  the  intemar  energy  [SQj 
,  there  appear  the  additional  terms  ;  •- 


«  d'Vo 


:  -  -  r  _D_  Pe  +  PI  _ 

DL  dXp  -  : 

which  do  not  exist  in  the  case  of  incompressible  flos^,  and  which  may- be 
removed  by  the  following  definition  of  the  macroscopic  quantities  (9)  ; 

e  =  e  1. 


[152] 


P  e=.  P  e 


e=.e 


Pe'=0 


The  macroscopic  internal  energy  per  unit  volume  r  6  is  then  the  mean  ’ 
value  of_  the  internal  energy  per  unit  voUima  Ps  . 

The  statistical  equations  of  state  [78^  ,  of  motion  fSS]  ,  and 
of  total  enthalpy  [107]  ,  and  the  fact  that  p  is  directly  measurable,  shew 
that  the  usual  separation  is  convenient,  say  ; 
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^=0 


p  =  p  .  p 


many  additional  unkntKm  nonlinear  transport  tenas  in  the  equations  _ara 
removed.  Since  the  physical  interpretation  of  the  terms  thus  eliminated 
is  not  simple,  the  physical  meaning  of  the  terms  rmainihg  in  the 
equations  is  clarified. 


6^1^4^  The  macroscopic  quantities  W  of  W  and  fluctuations 
or  VJ"  ,  defined  by  the  different  methods,  weighted  of  not  by  the 
density  : 
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*  • 


w  =  w+ w''=  w+w' 


w  ^  p  w/  P 


W'L  0 


-.52  - 


When  tha  relative  errors  of  measureaient  of  the  macroscopic 
quantities  W  or  W  equal  or  exceed  the  product  of  the  correlation 
coefficient  between  P  and  W  by  the  intensities  of  turbulence  of  P 
and  of  W  ,  the  methods  and  "B**  give  the  same  results  for  W 
and  W  .  Since  the  method  ”B*'  gives  simpler  forms  to  the  equations* 
it  seems  to  be  more  convenient . 


6.2.-  THE  STATISTICAL  SOUATIOKS  OF  A  GAS.  -BY  METHOD 


With  thedef initioaa 


■ 

P  =  P  +  P' 

V  +  V ' 

V  =  u*  oi 

/p  - 

— P  =  0 

^=0 

P=  P^'  014] 

[161] 

a  S'  o' 

c  ~  c  +  C 

e  ^p  e  / 

P  : 

pV  =  0 

■■  . ■"  - 

?  =  T-r 

- 

^  -- 

i:>  7  =  0  ;: 

pi/(] 

DitJ  so  -  it  aP 
_  D  t  SI  P  dXp 

and*  when  the  specific  heats  are  constant,  with 


Pe'=0 


and  using  the  general  statistical  equations,  we  obtain  the  statistical 
equations  for  a  compressible  turbulent  gas,  by  method  "B". 


6^2^!^  The  statistical  equations  [l 3]  or  04]  for  balance  of 
mass  read  (  8  )  (  9  )  (12  ;  eq.  8) 


*  •  W  /  9  9 


-  “ 


The  physical  meanins  of  the  various  teOTs  in  these  equat ions  correspond 
to  the  toaan  rates  of  variations  of  P  pel*  vmit  tijss  and  per  uait 
volume  according  to  ; 


I  .=  local  chat»se,_  J;'  . 

II  ^  change  by  convective  traiiaport  at  the  macroscopic 

velocity,  ^  ^ 

III  =»  change  by  local  creation  or  destruction,  _ 

IV  ,  =  change  seen  by  an  observer  £ollw-;ing  the  macroscopic 

motion, 

V  -  ”  change  by  macroscopic  variation  of  volume,  or  dilatation. 


In  each  of  these  equation  the  three  terms  ccaceraing  the  mean  mass  flux 
due  to  turbulence  are  removed  by  definition  of  P Vy  . 

6^2.2^  The  statistical  equation  jl  6j  for  balance  of  a  trans“ 
ferable  quantity  P  Y  ,  with  mass  balance,  and  with  ; 

[164]  [  T.Y.T'  rj 

reads  : 

M  X)(P)  PY'  +  PY'—P.  t  *  PY'C  ♦ 

Dt  '  Dl  dXp  PXp  P 

I  H  n  E  Y.  YL 
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Physically  £12]  £13]  06]  the  tertos  of  this  equation  describe  the 

maaa  rate  of  variatioii  of  PT  par  unit  time  and  voluma  by  s  ;  ; 

I  'f*  II  =>  change  of  P  Y  follm^lng  the  niacroscopic  ssotiong 
taking  account  of  the  mean  raass  balance 

and  of  the  macroscopic  dilatationg 

III  =  cliange  of  P  Y  foilwing  the  macroscopic  motiong 

IV  =  change  of  P  Y'  due  to  the  macroscopic  dilatatioaj 

V  =  change  by  turbulent  convective  diffusion  of  P  Y  * 


6.2.3.  The  statistical  equations 
read  C  8  )  (  9  )  (  12  »  eq.  11  ) 


of  motion  for  a  fluid 


[l  6  6]  P  3m  +  D  (p)  P  V' -  ^  P X  ^  ^  x>  (p  V  ) 

■  Dt  “  ■  e)Xj3  “P  “  dXu,  dXp  a/ 

'  ;■  -  I  II  Y  M  :  _ 

giving  the  mean  rates  of  variation  per  unit  time  and  volume  of  p^  :  by; 


1  -{•  II  =  change  of  P  follot/lng  the  snacroscopiic  motionj 

taking  account  of  the  mass  balance  ~ 

and  of  the  macroscopic  dilatationg 

III  =  convective  diffusion  of  P  by  turbulehceg 

IV  =  external  forces ,  ' 

V,  «  pressure  gradient g 

VI  =  molecular  friction  stress  terms. 


In  each  of  these  three  equations  seven  terms  are  removed,  by  definition 


of  P  Vy 


« . « /  • 


IfPT)  .pr  ^=:P  li  .  t  3d(p)  wiih  ri63j 
Dt  V  ^  dXp  Dl 


For  a  newtonian  gas,  with  assumption  38 


implying  : 


[L  =  ^  +  a  e  ' 


[118] 

the  relation  (39]  gives  : 


jD  (pv„]  =  PX„  _iL  .  p  (i!e.-) 

'  W  ^  AYrf  Ay  3  '  AY«  ■' 


<2>XpdXp  3  axp 


M.  +  ^  )  -  i  ^  +  a 

•  dXrr  3  dXd  dXp 


dXp  u»aq^ 


e 


//  Wy> 


'a 


^)Xn8X 


po^p 


e"  8  ^  8e"/^^a^  3Vp  y  2  de" 

X  AY  \  A  V  .  /  Av^  VA  Y  ^  ^"ayTT  J  X  AY^  AY. 


3  -dXQ  ^  ^'^(x  ^  3Xp 


the  additional  terms 


da 

dxp 


e''(^^  +-^3-  A 

^dXp  dXa.  dXp 


are  usually  nag ligibie.  "  -  ; 

Tlie  variable  [1  may  also  be  witten  PV  ,  x^ith  the  kinematic 
viscosity  V  ;  and  thus  [1  is  extensive. 


Let  us  set,  with  [34 j 

[168]  ^  H=p.H' 

with  [114]  and  the  assumption  [3  8] 


[I69]  ii.p  +  ae"  — ^  p  =  p+a(e-e) 


a  »  o  /  9  fi  0 


The  r.h.s.  of  the  equations  of  motion  read  [39]  : 
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£'(pvct)=  px„  ^ Ti  a  f 

^  “  dXa  dXft  dxr  ^  PXaVax^; 


.po^|3 


P 


^  ajj  /av^  avgy  ^  oji  avg 

axp  \axp  axot'^  3  axa  axp 


o' 

axpaxp 


+  ±  0'  _A 


(^) 


3  dxa'ax 


aev  ^  avg  avp 


dxp^^  axp  dx 


a 


)  - 


_2_  a  0* 

3  dXo^  dxp 


The  fol lotting  additional  terms 


a  a 

axn 


>■( 


avg  ^ 

a  Xp  ax(j 


^  3  axd  ^  axp:'' 


being  usually  negligible. 


The  statistical  equations  [fi 3]  of  motion  for  a  fluid  relative 
to  a  constant  rotation  coordinate  system  read  (BLACKADAR  ;  11  ;  eq.  53)  ; 


[171] 


p  j:)  (p )  =  px„  _  +  _A. 7  r  ^  _  p  vi  V' ) 

Di  .  v:  ^  axa  axp  '^  ap  « P/ 


P  4r  f  2  Wy  P  ^ 


-'/Y-  4-  Wv 

ctpY  I 

In  the  case  of  motion  relative  to  a  planet  the  right  hand  sides  read  J 

[172] 


^^“(3  ■  ''p)"' V  ^'"apr  “y  p 


V 

P 


la  each  of  the  three  expressions  p7lj  072  two  terms  are  removed  in 


Coriolis  force,  by  definition  of  P 


57  » 


•  6.2.,4.  For.  energy  we  consider  the  case  when  the  inass  is 
conser'/ed  .  The  statistical  equation  [50]  for  internal  and.  kinetic 

energy  of  a  gas  reads  (12  ;  eq.  24).  ;  '  ^ 


573] 


(  e  .1  ^  (1  p  vi  .  1  p  vi  Vi 


DL  '2 


dXf 


I 


n 


HL 


m 


YT  M 


-  ^  -i  ^  "p )-  sl^  f  ^  p^) 

X  XI  m  m:  w  - 

giving  the  mean  rate  of  variation  per  unit  time  and  volume  of  P  e  +  J_ 

by  i  ■'  ^ ^ 

I  «  change  of  P  6 "  Vq  follcwing  the 

_  ~  -  macroscopic  motioag  mass  balance 

and  taacroscopic  dilatation,  accountedg 

-  II  +  III  =  change  of- kirietic  energy  of  turbulence  following 

the  macroscopic  motion g  and  in  macroscopic 
dilatatipn, 

IX  +  X  +  XI®*  convective  diffusion  of  P  6  +X  P^(j^(X 
IV  +  V  =»  work  by  external  forces, 

VI  +  VII  =“  work  by  surface  molecular  frictions, 

VIII  +  XIV  =■  heat  flux,  by  conduction  and  radiation. 


XII  +  XIII=  work  of  pressure,  la  the  motion. 


In  this  equation  eleven  terms  are  removed  by  definitions  of  PVy  and  Pf* 


. « /  9  ® 
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6.2.5»  The  statistical  equatioa  for  iateraal  energy  of  a 
gas  [71]  reads  (12 |  eq.  36)  ; 


174] 


P  M-  f  -  pi!k  4.  *  (  h  -Pe'v' )  i5(q) 

r  dX.o  dXp  :  Py  '  ' 


Dt 

1  E 


dX 

III 


P 


K 


'P 


Y  YL 


■m 


giving  the  mean  rates  of  variation  per  unit  tiiaa  and  yolurae  of  P6  ;  :  by 


change  of  H  6  £ol lotting  the  laacroscopic:  motion,,  macros 

copic  dilatation  and  mass  balance  accounted  ,i?or,  ;  - 


II 


==  dissipation  as  heat  by  motecular  friction 


Ili  rf,  tIV  >=  Work  of  pressure,  in  Jdilatntions  . 

.  ■ . . V-  ,  ■  ■'  ' 

V  WH 'hWat  flux,  by  ’  cc^i&cf  -radiation  gvl- 


VI  ! 


=  convective  turbulent  diffusion  of  P  6  W 


In  this  equation  five  terms  are  removed  by  definitions  of  Pe/  and  RVy  • 
The  mean  dissipation  may  te  separated  into  [7^  ')-.:■■■ 


vp  y  1  +  f  ‘ 

■  ;  B 


m  f 

-  B~  ^P  dXp 


'f'  =  E 


ap 


For  a  ccmmon  gas  ,  with  [;7'^]  [75j]  (12  ;  eq.  43,  46) 

these  functions  read  1-- 


[175] 


[176] 


^  _  P-  n  n' 
B-y  cep  ap 


=  ii  ^  n ' 

2  ^P  ctp 


-A[l 

3 

*''a 

avp 

dX(x 

«=<p 

dV' 

-■i-P 

a 

—P. 

3 

axp 

A.»  /Vd* 

n- 

^P  e)XQ  dX(x 


dV'  dvA 
n'  _  ct  ^  3 

V- 
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With  the  assumption  [38]  ,  the  relations  j[76]  give 
with  the  definitions  f  1 1  -^3  J 


[^77] 


B  2  3  dXp  2 


'  2 


iin  fp  _  i_]i  ^^0 

2  <^0  ap  3  ^  dX(j  dXp  '2 


'p 


■0  «p- 


and  with  the  definitions 


178' 


i:  ~  Ji  fhT  IT  P 

B“  2  ®0.  3  ■  dX^  dXp 


lY  ^  ^  ^P 

F  ■'^p l'^P”r  ^ 


e" 

'“5F“ 

dXa 

e" 

m 

dx„ 

P^0 

W  ^ 

bX(x 

w^P  ' 

{9'-: 

Av-' 

'^g  it; 


and  n„  _  -  :  *n' 


gpFl'^p:* ''^p ; 

.  i ;  bonceaming  the  heat  conductivity  k ,  tha^  relations  [8^  [83] 
&  [j  54]  ahd  the  assumption  [84]  lead  to  the  definitions "‘-  r  :  ;  " 


179' 


KT=  K  +  be's  ic  +  be'  [i3l]f|f 


Tlien  03^  .  • 


180 


dHn 


0-  fk -^Vi  ^ l-Fi,  k 

n  3Xo  ^  aXA  2  dXo  '  8Xp  dXft  ^  d>:a  dXa^ 


dXp  dXp  '  axp  2  dXp 

with  0=0  +  9' 


P  ^^P 


P 


[125]  , 

because 


These  SKpressions  are  not  as  simple  as  the  expressions  for 
~  *"2.  [132]  obtained  by  the  method  "A”, 


f"  [133] 
'^:^0  '^^0 


dX 


P 


•  9  •  ^  a 
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6.2^6^  The  statistical  equation  of  state  _7 8J  reads 


18f 


p  =  (  P  0  4-  P'  e")  s  P 


which  has  the  same  form  [l39]as  given  by  method  "'A^when  9  is  used  j 
when  9  is  used  the  additional  term*  PG'  ,  representing  the  mean  effect 
of  turbulence, is  removed,  by  definition* 


enthalpy  1]59]  may  be  also  separated  into  a 
macroscopic  part  I,  and  a  flucCOation  I  j 

08^  [J  :.i  -  r^-iVV:  ‘  " 

then  05:g  053^  s  y  l  : 


Pi  =  Pf'4.  pV=  Pe  +p 


i£  US  set 


•  r  ^  ■ 


P  i  =  P  i  :=>  P  I  =  0  >  ri# 


The  statistical  equation  [812  of  enthalpy  then  reads  (12  ;  eq,  50)  ; 

P  £i=?  *  )  *  V 

DL  Dt.  dXp''  P  P:^, 

I  E  m;  M  If  :  m  m 


giving  the  mean  rates  of  variation  per  unit  time  and-volume  of  P 1  ^ 

I  =  change  of  P  f  follov?ing  the  macroscopic  motionj 


II 


macroscopic  dilatation  and  mass  balance  accounted  .for, 
=  dissipation  as  heat,^  ; 


III  +  IV=  change  of  pressure  following  the  instantaneous 

motion  :  ^ 

dt  ■  : , 

IV  =>  transformation  between  enthalpy  and  kinetic  energy  of 

turbulence,  because  this  terra  appears  with  the  opposite 
sign  in  the  equation  of  that  energy,  [1892  terms 
VIll  and  IJC, 
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V  g  .VII  =*  heat  change  by  conduction  and  radiations 

VI  =  convective  turbulent  diffusion  of  Pi  . 


In  this  equation  five  terms  are  removed  ,  by  definition  of  P  and  P  l‘ 

6.2.8.  Tile  statistical  equations  of  heat  transfer  [85]  [86] 
in  the  case  when  the  specific  heats  are  constant  read  s 


[185] 


C„  f  P  .A_P6'V'  ) 
Dl  dXa  P  ^ 


with 


D  t  dX0  I 

I  YL 


=  c  -fp  D  e  3^p'q"  ^  P'q"  ^  ^A^P  0"v'  )=  with  ni^l 
~  '/V  ni  Dt  dXn  dx^  - 


DL  Dt  dXp  dXp 

t 

^dXQ  dXn  dXn 

1  1  m  Y  w 


186] 


-  ^  A. 

^p(P'^ 


'D®  .  Ap  e'v'i, ) 

nr  dXrt 

1  '  m: 


n'Lh  [154 


Cnf pM  /J- PV  ^ P'e"  _l^^_l_P0"v' )=  with  [114] 
Pv  nr.  Dh  _  dXn  dXo  P^ 


Dt  Dt 

Dp 

Di  r  p 


^  PXp  dXp 

•S|  • 


W-  Y  ¥11 


giving  the  mean  rates  e£  variation  per  unit  tijiio  and  volume  - 
of  Cy  P  0  [l  S  5]  by  5 

I  =  change  of  Cy  P9  following  the  macroscopic  motioag 

macroscopic  dilatation  and  mass  balance  accounted  for, 

VI  turbulent  convective  diffusion^ 

the  terms  s  lla.TIIp  IV ^  V*  VII  being  the  same  as  in  [174] 


0  0.^0®. 


VII  «  work  of  the  macroscopic  motloa  against  the  pressure 
gradient. 

In  this  equation  nine  terms  are  removed ^  by  definition  of  P  Vy  » 

For  a  newfconian  gas  [93]  [98]  : 


and  with  the  assumption  [38]  ,  [118]  [169]^_  : 


[188], 


)  23  (  b" 


(V^a  p  )- 


_2.  (ru  ^  - 

3  dXa  \  ^  - 


a  A_  ( ^  e'  n  )  _  ii  ~^  l\  ©'  — 0- 

dxp^  «  «P  ^  3  dXcf  )  dXp 


6^2^10.  Tlie  statistical  equation  of  turbulent 

kinetic  exiet^  for  a  gas  reads  (12  ;  eq.  44)  i 


_D_  i  PV'  +  ±PV'  V 
Dt  2  OC  a  2  ct  ‘ 


— 

I'  \l'  p 

JL  ^ 


1  89 


P  X'  V '  ^  A_  ( L  „v'  „  ±  P  V'  V'  V'  )_  P V' VA  ^  _ipLv' ^ X 
“  ^  2  Ct  CC  p;  a  P  AXn  ^8X^  “ 


m 


PV'  VA  U  ipLV' 

“  P  dXn  “axg  “dXa 

a;  M  M  IK 


9  B  9 
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giving  the  mean  rates  of  variation  per  unit  cime  and  voluiaa  of  1'  PV«Vi 

5  u.  c 


I  “  change  follox-iing  the  macroscopic  motioa, 

II  “>  change  due  to  the  macroscopic  dilatation^  -  - 

¥  =  turbulent  convective  diffosioir,  ■  .  .  - 

III  ==.work  by  external  forces  ia  the  turbulent-  f luefeuations 

of  velocities  ;  let  us  notice  Chat  with  ■ 


p  X  y'  -  P  X'-  V'" 
a  «  a  a 


I¥  ==  aon  dissipative  work  by  molecular  frictiaa  in;  tha— 
turbulent  fluctuations -of  velocities  ^ 

.VI"=*  production  of  . 'kinetic  energy  of .  turbulence j  ' by  ■  ■  - 

transformation  of  the  kitiet'ic  energy  of . the.  macroscopic  7 
P  ■  ■  -motion  [i87j'  ^  _  ■  .  '  _  ;  "■  ■  ■■  ■-  - 


¥ir  -dissipative  work  by 


molecular:  friction  »  as  heat, 


in- the  turbulent  fluctuations  of' velocities »  '  "  -  . :  ' 

. ■-  ;V-II1"+  IX  transformation  between- enthalpy  and  kinet-ie  _  -  ---  ■ 

■  energy  of  turbuleace  0  SX]’  ^  by  the' ii?ork  of  Che  ■■ . -'-  -  --- 

7-'  "  -  -  '  -fluctuating  turbulent  nsotion  against-  the  pressure -gradient i 

In  this  equation  three,  terms  are  removed  by' definition  of  P 

7  --  ■  This  equation  is -In  agremeat  'w.it.h  the  equation  given  -by- . .  --  " 

&LACKADAR  fll  j  eq^  6j,  15)  for  atmospheric  turbulence ^  but  without  separation 
of  the  turbulence  in  to  two  domains ^  as  he  does,  _ 


6i2^11^  For  the  total  enthalpy  [9  7j  0823 
let  us  introduce  the  definitions  riSll  fl  83l  s 


,  r  f' 

■  I*  — I*!*  Hh  l-|“ 


'190 


I 


4-  P  'a 


-  65  ■” 


The  statistical  equation  [i  05  of  total  enthalpy  then  reads  (12  5  eq.  54) 


wf  ■ 

i.  -J 


dVr 


p_^  pKt -"Pi;  __3  +-A_  pi;v^  = 
Dt  Dt  e)Xp  dXp  T  P 

I  E  m  12 


■  Z  EZI  ¥I[  \ 


d__t 

MT  -  K 


giving  the  raean  rates  of  variation,  per  unit  time  and  veluine  of  .- P  1-^  by 

I  «  change  of  P  follo’vying  the  macroscopic  motions 

■macroscopic  dilatation  and  mass  balance  accounted  for^ 

_  -  II  “  change  of  P  ly.  folto^ing  the  macroscopic  motion, 

III  “  change  of  Pi^j.  in  macroscopic  dilataticm, 

IV  =*  turbulent  convective  diffusion  of  P  It-  ^  '  ^ 

VIII  =  mean  local  rate  of  change  of  pressure, - 

The  terms  V  to  IX  have  the  same  physical  meaning  as  -in  the  : 
preceding  equations  [I84J  [l  8^^  [l  89^  •  : 


With  the  statistical  equation  [l07j  »  <5r  by  addition  of  equations 
of  enthalpy  and  0  87j  of  kinetic  energy  of  the  macroscopic  motion,  .  we 
have  0  8.^  (12  ;  eq.  55);  i  ' 


192 


P  P*T- 

1°^ 


P  A(T.Iv“  v')^  P  4(e.h 

ni  V  2  o  al  Dl '  p 


PX  V  + 


Dt 

d 


2  a  a  j 


f' 


dp 


dXp 


dp 


^0 


+ 


'M  W  YK 


_p  vi  Vp 

).hp-Pi'v|3 

.P''a''p 

XI 

I?  W 

1 

f'  dp' 
p  dXp 

X)(q) 

JK 

X 

dt 

a 
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giving  Cfte  ..mean  ra.Css  of  variation  per  unit- tlma  and  volume  of  P  If 

■p:  ^ 

I  “  change  of  P  Ij  foll<K.?ing  the  macroscopic  motions 

taacrosGoplc  dilatation  and  mass  halaaca  accounted . for * 

II  to  K1  having  the  same  physical  aeanings  as  la  the. 

equations  0  8 4j  08!^ 

In  this  equation,  nine  terms  are  reraoved  by  definition  of 
two  terms  are  removed  by  definition  of  P.],.;;,  . 


We  may  notice  that 


[193]  .Pi'v|3).=_^(pi;v'  _XPV'  v' 


'P 


fot  the  total,  temperature,  when  the  specific  heat  Cp 
is  constant  00^  [97j  035]|  .  . 

-  C-n  ©T  -t-  C  ^  —  It  =  i  +-i  ='  C-n  ®  +Xr'*^n  ^rt  +  ^ 


[94] 

let  us  set  [90]  [183]  : 


'3 


'a  ’a  =  -p  ■"  -2  a  'a 


195“ 


0.^  _  + 


cp  ®T  =  i  T 


=> 


CpP9V=iPV^<(i 


The  statistical- equation  092j  la  terms  of  total  temperature  reads 
;(15  h  eq.9'69>j  ;  - 
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P  CpM:  _  PXqV^ 
rot"  ^  ^  dX 


I 


JL 


P 


■  m  w  XI  M  ■ 


dt  P  ^Xp  P  dXp 

sr  m  M  IX  X  i  ^ 

giving  the  mean  rates  of  variation  per  unit  time  and  volume  of  Cp  P 

by  2 


,/. 


I  =  change  of  Cp  r  0-j.  follosring  the  macroscopic  motions, 

macroscopic  dilatation  and  mass  balance  accounted  for® 

XI  and  XII  “  convective  turbulent  diffusion  of  P  Cp©T 
minus  the  kinetic  energy  of  turbulence 9 

II  to  X  having  the  same  physical  meanings  as  in  the 

equation  » 

We  may  notice  that  09-^  • 
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XI  +  XII ; _ 


dX 


P 


dX, 


■(v;pviv-^pP€;v 


The  other  separation  of  the  total  temperature  ©t  Poy  be  used  also , 
corresponding  to  Che  definition  raade  by  method  **A”  [147]  r  ; 


0^  _  0^  +  0-f 

but  with  0  5 1 1  this-  implies 


198 


Cp  Bt 


C  p  e  +  W  ^  4.  4.;  1 


Cp  Q'r  =  C  p  0  +  f  +1 -  Y  'ot 


Pe;'v^.CpP0"v' 


The  statistical  equation  0111]  of  total  temperature,  which  lias  been 
obtained  by  average  of  the  instantaTieous  equation  [109]  -  9  reads  .1 


199" 


/w 


PVa*PVi 


P 


dXp  ( 

(  ^apV  ) 


dt  ^  ^ 


By  addition  of  the  terras  of  the  statistical  equations  0  86j  of  heat 
transfer  ia  tenss  of.  9  and  o"  and  08^  of  the  kinetic  energy 
of  the  macroscopic  motion,  or  substractlng  from  099]  those  of  08*)^ 

9  0®  ^ 


I 


we  obtaia  aaotber  equation 


200' 


P^(cp5.1^v-).Cp^pV'.CpPV 


Dt 


dX/ 


rv  ^ 


PX„V„ 
a  a 


(3 


^  fv. 


Pv;;vi  r«  *  ?  .  ^  -  V'  ^  .V  ^  ,  D  (q) 

(p  d  I  ^  dXp  PdXp 

6.2.13-  In  the  case  of  motion ‘relative  to  a  coordinate 
system  in  constant  rotatioag,  the  terns  ;  '  - 

—  Jq  P  V(^  have  to  be  added  to  tUc  right  hand 

side  of  the  equations  [18  7]  073 

0  9 1  [i  9^^  13  Cl  9  ^  [200]  y  for  kinetic  energy  of  the  macroscopic  motion. 
Nothing  has  to  be  added  to  the  equation  0  89j  of  turbulent  kinetic  /  V  ^  • 

energy,  because  Oi  ■  'VX  ‘ 


“  '^a  PVV  —  0  by  defiaitiott. 

In  the  case  of  motion^ relative  to  a  planet,  the  terms  j 


q  p  ^ 
a 


have  to  be  added  to  the  r.h.s«  of  the 


same  equation  01  8  TJ  ,  and  Xq  aiust  be  replaced  by  Nothing  has 

to  be  changed  into  the  statistical  equation  of  turbulent  kinetic  energy 
[189]  because  ; 


0  by  definition, 

and  also  because  the  gravity  being  assumed  to  be  non -random,  the  fluctuation 
of  are  equal  to  . 


We  may  notice  that  151  : 


Pvi  =  P 


P'V' 


a 
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Therefore  the  terms  VIII  in  13®^J  i  SI*  7.9  with  p  ) 

[201] 


VIII 


_F-_ap__  ap  f 

,  “dXa  7  axa 

correspond  to  the  xi^ork  done  per  unit,  time  h”  the  mean  pressure  gradient 
force  on  jthe  ^dy  motion.  . 


.For  atmosphasg following  BLACIC4DAR  (11  J  P*  16),  let  the  hydrostatic  equation 
be  assumed  to  represent  a  satisfactory  approximation  of  theji^aa  vertical 

pressure  gradient  ;  accordingly 


202]  # 


dXi 


#  -  pg 


t^en  the  X3  dlreOtion  is  vertical,  and  — 
Consequent ly,  because  of  equation 


V' 


dp 

6X3 


#  -  g 


P  v! 


It  appears,  therefore,  that  an  approximate  equivalence  exits 
between  this  term  VIII  in  0  89]  and  that  which,  according  to  Richardson’s 
interpretation,  represents  eddy  work  against  gravity.  Tlie  later  corresponds 
to  abstract ion  of  turbulence  energy,  by  working  against  the  force  of 

gravity,  or  to  the  production  of  turbulence  by  buoyancy. 
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VII.-  CONCLUSIONS  - 


7,1.”  The  -statistical  equations  of  a  turbulent  compresaible  gaa®- 

coasidered  as  a  eoatinuum,  have  been  developed ^  ia  the  general  case  when 

all  the  properties  W  such  as  the  velocities*  density*  pressure*  .internal 

energy  and  temperature  *  even  external  forces *and  also  the  bulk  properties 

such  as  viscosity*  heat  conductivity  and  specific  heats  are  considered 

to  be  turbulent*  and  when  these  random  quantities  are  separated  into 

.f  » 

eacroscoplc  parts  W  and  fluctuating  parts  W  in  a  general- fom  i  ' 

^  ^  :  SJ  ~iiS  ^  ^ _ ~W~ 

[1J  "w  =  W  +  W  that  [3]  W-W  — [4j  'Wi  W_W 

This  set  of  analytical  expressions  can  be  used  to  make  the 
choice  of  the  definitions  of  the  macroscopic  quantities  that  give*  for 
different  fields  of  application*  the  most  convenient  form  to  the  equations 
for  mathematical  treatment,  for  physical  meaning,  and  for  the  performance 
of  maasuremeata .  .  - 


7.2.-  Those  equations  have  been  used  to  complete  a  set  of  analytical 

expressions,  by  the  method  "A**, which  eseteads  to  compressible  flows  the 
classic  procedure  used  for  incompressible  floras,  i.e.  the  macroscopic 
quantities„  being  the  mean  values  of  the  random  quantities  : 

[112]  W=w  w  =  0 

The  equations  are  written  x^yith  the  folloxjing  fundamantni 
macroscopic  quantities  Di<l  =  "  ■ 


and  when  the  specific  heats  are  constant,  with  the  quantities 

|j46]  s  ■; 

^  =  C  y  0  .  +  C  ^  I  =  c  p  0  C  ^ 


c  p  =  ip 
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Some  ”source’'  terms  are  simplified,  such  as  viscosity  terms  01 9j 
02^  033]  »  conduction  terms  032j  .. 

But  the  state  equation  j^ZS]  is  not  simplified,  and  the  aquations 
“A"  contain  all  the  additional  unlcnowi  nonlinear  transport  terms  of  the 
general  equations.  :  ; 

physical  meaning  then  is  not  simple,  and  especially  when 
considering  the  fluid  enclosed  by  a  surface  moving  at  the 'mean  velocity, 
because  there  is  a  mean  mass  flux  due  to  turbulence  through  such  a'  1 
surface,  I' 

The  hot-wire  anemometers  measure  the  quantities  P  Vq  and  0  , 

or  0T  »  and  not  directly  ; 


7.3.  -  -The /general  equations  have  been  us’ed  to  discuss  ;b;he  .choice  of 

definitions  of  the  fundamental  macroscopic  quantities  that  give  the  : 
most  convenient  forms  to  the  equations.  '  _ 

These  general  equations  have  been  used  then  to  complete  a  set 
of  analytical  expressions  by  the  method  i*B",  extending  to  the  general 
ccmpressible  flows 7a~ procedure  used  for  atmospheric  turbulence ^research. 
Tlie  equations  are  written  with  the  following  fundamental  macroscopic 
quantities  061]  s 


P  VX  =  P  Vr 


*a  =  •■  ’a  1  P 

and  the  quantities  08^  09O]  ;  ' 


Pe=.Pe  , 


i=e.p/p  ,  =  , 


and  when  the  specific  heats  are  constant,  with  the  quantities  0  6^  0 

[198]  ! 

0  or  p  0  p  e  ,  Cp0^_i^4-C^ 


or  Cp  9^.  Cp  e  7  ^Ct 

Some  “source”  teinus  are  simplified,  such  as  heat  coriduetioa 
terms  [180]  ,  and  viscosity  terms  [17^  ,  but  the  simplifications 


those  containing  macroscopic  quantities  which  have  the  sam© 
forms  as  the  corresponding  temts  in  the  instantaneous 
equations* 


additional  terras  representing  the  mean  effects  of  turbulence 
which  do  not  vanish  in  the  equation  of  incompressible 


P  Y'v; 

'P 


dXp  P 


convective  turbulent  diffusion  o£  PY, 


D  _1_  p  V'  V'  rate  of  change  of  ineau  kinetic 

Dl  2 

energy  of  turbulence  follwing  the  Etiacroscopic  mbtioHa 
and  the  sarae  form  of  terms  ifiun  PY^  t=  5«?hen  © 

is  usedg  not  when  ©  is  used),  • 


-  -  /V'  •  -■  V-  '•  V 

— —7  d^' 

P  V '  Vl  ;  production  of  ttirbulehca  by  ;th^ 


«  P 


work  of  turbalent  stresses  against  ffiacrbseopte  velocity 
gradients,  - 


-  ,  .dissipation  as’hest- of  turbulent 

kinetic  ener^^.;:',  ;  j  .  ■  .  ■;  "'• 


,*  dh' 


’a 


mean  change  of  turbulent  kinetic _  . 


energy  by  action  of  pressure  fluctuation  ,  gradieatBj 
in  turbulent  motiosig^  ^  - 

additional*  terms,  representing,  the.  mean  effects.,  of  turbulence 
which  appear  with  cocipreasibiiltyj  or  dilatation, 
such  as  t  '  '  '' 


1  pv'y 


s.  ^ 

d  Vo 


a  a 


2  dXj3 


rate  of  change  of  the  mean  kinetic 


energy  of  turbulence  in  macr-oscopic  dilatation, 


dXp 


tasaa  change  of  iate.raal  energy 


action  of  pressure  ia  turbulent  dilatatloa. 
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-  fip_P'Vc;  dp 


a  A 


mean  change  of  turbulent  kinetic 


■dX(x  p 

energy,  by  action  of  mean  pressure  gradient  on 
turbulent  fluctuations  of  density  and  velocity. 


2  11  ^ Tiean  dies ioat ion  as  heat  by  action 

'S  ^  dXp  dX, 


of  viscosity  in  turbulent  dilatation, 


additional  temjs  corresponding  to  the  snean  effects  of 


turbulence  of  external  forces  X 
conductivity.  ; 


a 


viscosity,  heat 


These  tersBS /regaining -in  the  equations' -have ^relatively  simple  physical; 
Interpretations',;  ;^'  :'"-  ;  ; J  ' 

Goncerniag  the  performance  of  measuremeats,  the  hot-wire 
anemometers  measure  the  quantities  ^  ®  ox  Qy  ,  for  the 

consideration  of  which  method  “S"  appears  to  be  more  corivenlent. 


7.4.-  The  equations  obtained  by  inethods  '*4'*  and  '*B'’  are  equivalent 

for  incc^presaible  flot^s,  and  for  flows  In  v;hich  the  correlation  coef¬ 
ficients  P  e  »  ^'p©  »  between  density  and  velocity,  density 

and  internal  energy  ,  density  and  ..temperature, are  null.  They  are 
practically  equivalent  also  v^hen  the  relative  errors  of  measuretaehti  of 
the  macroscopic  velocities,  and  Internal  energy,  and  temperature  eKceed  ■; 
the  product  of  these  correlation  coefficients  »*'p6  *  ^ P©  ^ 

by  the  intensities  of  turbulence  of  density  and, respectively, of  velocities 
internal  energy, and  temperature.  Then,  the  method  “B",  being  simpler, seems 
to  be  more  convenient  than  the  method 


In  general  cases,  when  the  differences  are  significant,  the 
equations  "B”  have  simpler  jnatheinatical  forta'  and  simpler  physical 
meaning'  than  equations  ’’A”,  and  seem  more  convenient  la  the  theoretical 
point  of  vlet?. 

From  the  experimental  point  of  view,  employment  of  the  two 
methods  will  give  the  final  coaclusioai  concerning  the  most  convenient, 
for  each  field  of  applications. 
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